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Chapter 14

About Atoms and Molecules

The helium atom

|
o
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N
|
|
+

2m 2m oo, rl—r2|

Ignore : motion of the nucleus
Relativistic effect
Spin-orbit effect
Electrono] <] 3+ Current2} Spinz 2] coupling

H=HY+H® v

with
2 2
H(')—ipf—E and V = ﬁe —
2m r A
v7F glod,
u(ﬁ-'r;):¢n1l1”h(r]’-)¢nz|zmz (I_;z)

Potential®] It 71AH S olx @ A
Ground state
=+2E,
=-mc?(2a)’
=-108.8eV

first excited state
E=E+E,

13.6eV

=-13.6eV x4 - x4

=-68.0eV



lonization Energy
groundel A o= W= © &HQ 3 energy
Eionize = B + B, —2F
=54.4eV

Ground state wave function
uo(ﬁ.’rz):@m(ri)¢100(r2)xsinglet

1
Xsinglet = E(%@Z(Z) - ZE”ZEZ) )

first excited state — two possibilities

\/_ |:¢100 ¢2Im )+ ¢2Im ( ¢100 :| Xsmglet
ult = ﬁ[@oo (rl)¢2|m (E ) - ¢2lm (ﬁ)¢1oo (rz )] Xtriplet

2042

1
Xtriplet = ﬁ(lg)l(a + Ifl)lJ(rZ))
Py

Perturbationo] 2] 3] energy shiftS A AF3} 2},

)

2

AE = [ 85"} ()
2

it
N

= [0, g (1) - r|\¢m (=)

s (7 3/2 N
%oo(r):ﬁ(g] e a"J

) 3
e’ Z . .
R Idsqurze 22412, | 0=27r, 13
T\ a,

1
[

1
2|, -1

300 9]
aij jrfdlr1 L@ 2nla _[ rzdr, ~e’22r2’aOIdQlde
0 0

1 1

A (r* +1) —2nr, cos 49)1/2



27 1 1
= | dg|d(cosé)-
[ ! _Il (606) (5°+1 —2nr, cos@)l/2
1 1/2 T]c0s6=1
- o [(rf +1; = 2nr,c0s0) Lsa=1

=£(r1+r2 ~r-1,|)

Lhr,

3
2 o0 ©
e’ Z - _
AE :—[—] J'rlzdrle er1""0Ir22dr2e 2l 4x? (141, - —1))
0 0

7\ 8
e(zY)  ,° f T
:_[_j -4z2jq2dqe‘22'1’a° . J‘e—ZZrZ/aO -I’22 -2I’l +J‘e—22r2/a0 'rzz -2I’2
T aO 0 0 n
:EZ(Emczazj
4 \2
When 1, >r,

1 2 2
Y P
(r°+17—21r,c0s0) 2 =1, 1(1+i2—2—2c036?J
h h

= rl

J'dQJ'dQ Z (cosd)

1
;jd(cose) (cos@)=46,
-1
or
1

%Id (cos®)-P,_(cos®)P.(cosd) = %

-1

_de IdQ L P, (cos8)

1
=—|dQ,-27|d 0)P 0
r>J. ) nj'l (cos@)PR,(cosd)

=47z-47z-l
r‘>

~ E=-108.8eV +34eV
= _74.8eV



a8y A g, =-78975%v o} F T} U},

-+ Screening= A ZFskA}

Let

E +AE :—lmc2 -052[222 —EZ)
2 4

Variational method= = #}.
Ground state %+ W

H 2] expectation valueE minimize 3} A},

(wlw)=1
Hy, =Ey,
y=>Cy,

(wlH|w)=22.Colwa|H|wn)C0
= ZZC:Cm Emé‘mn

-y, fE,
2E,Yc,f

=Eo

~(w|H|w)=E, Variational method

o . Helium

Choose W(Flyrz):%oo(rl)‘//mo(rz)

p> Z'e’
2m

where (——ijxm(F):g%OO(F) with g:—%mcz(z*a)z

(w[H|w)

e oy o o[ P2 pE ze? zé?
:J.dsrl_[dsrzl//loo(G)Wloo(rz)(zp_;n"‘zp_ﬁn_ r - r +

WJM(@M(@)



X 2 2 (Z27-Z)¢°
J.dsrll//loo(rl)(zp_rln_zrle ( rl) }Vmo(ﬁ)
=¢+(Z —Z)ezjd‘q'rl‘wmo(ﬁ)r%

1

. z
—e+(2°-2)e
g+( Je .

:ngZ*(Z*—Z)mczoz2 Whereg:—%mcz(z*a)z

- —%mc2 (Z*a)2 +Z*(Z* —Z)mczoz2
=mc’a’ {—%z*hz*z—z*z}

=mc’a’® BZ*Z - Z*Z}

<W| H |'//> =mc’a’ [Z*Z _ZZ*Z:|+J-d3r1.|.d3r2'//;oo (ﬁ)@”l*oo ('72)'//100 (ri)‘//loo (rz)
=mc’a’| 2% —ZZ*Z]+(£mcza2j(§Z*j
2 4
=mc’a’ I:Z*z -22'Z +§Z*}

minimize with respect to Z~

27" 27 +2-0 L7732
8 16

minimum energy

2
E, <Lt Z(Z —3]
2 16

=-77.38eV (Z=2)



Schematic sketch of splitting of the first excited states of helium

=
=3

1
P . S . .
(15)(2p) 3Pl Spin parallel®} antiparallel®] =} o]
21,0

" 1
..... S
’ 38? :I Spin parallel®} antiparallel®] =} 9]

(Is)(2s) (1s)(2s)
(1s)(2p)

total wave function> anti-symmetric

w (T,,T,)=Space - Spin
S A singlet
A S triplet

1 - - ~ .
${¢100 (r1)¢2|0 (rz)i¢2'0 (£) do (I’z)}

AESt e Id rjd r, |:¢100 ¢2|0(F)+¢2|0(F)¢100(F):| '

[¢1oo ) (5) £ (B) i () ]
=Eez'2jd3t‘ljd3|’2‘¢1oo(rl)‘ “¢2|0(F2)‘2

=
. 1 - -
te” [ d°n, [ d°rgiy (1) do (T, 2o (7)o (%)
l 2
electronol] <] gk .\ No classical interpretation
coulomb interaction Pauli's principle



triplet

singlet
1
Spin  [1,0) Spin [0,0)
1-1)
electrono] Ho] A <l t}. electrono] 7}7Fo] <

L=rp—->y=0 L=r,—>wy=#0

Pauli®] exclusion principle]
osf w2 A G AU
Pauli’s exclusion principle
— spin dependent
AEr(J) = ‘]nl - KnI
AEr(ﬂS) = ‘Jnl + KnI
S2=(S,+S,) =S2+52+25,-S,

25,-S,=5"—(S +57)

If S=1 27@2—2-3712 =3h2

4
s=0 0-23p=_3p
4
2S,-S

l=—7>+5 5=1 1=(1+6,-6,) S=1

_1_23*;1;32 % s_q| l=@+a5;) S=
AErgr)_‘]nl_Knl E 281282

2 n




Spin dependent Hamiltonian
H=H,+V,(r)+V,(r)[1+6,-5,]

Spin dependent force between atoms are quite weak
o . Spin-orbit, relativistic correction

2

o Vv
energy, force o® HE+ (—j
C

However, [1+6,-6,] : very strong

Why? — Coulomb interaction
™ g] £ Heisenberg — Responsible for the phenomena of
ferromagnetism

Hund Rule : other things being equal, the state of highest spin
will have the lowest energy

Helium<] excitation : ultraviolet lightE H] 311
AL=1
AS =0

selection rule
lso

(1s)

Molecules

o] . H; :two proton + one electron

still 6 degree of freedom

M
7V 1. —2>10°
m

e

motion of nuclei is slow
2. o] =7]= field= electron® average fielde] T,



& 3} A z7F 9SS Schrédinger equation

[To+T,+V(r,R) ]y (r,R)=Ey (r,R)

Hamiltonian = electron? %44 2L fixed ROl
H, =T, +V(r,R)
The eigenvalue problem can be solved
[Tr +V(r,R)]un(r,R):gn(R)un(r,R)
Let w(r,R) Zq)
T2 b (R)U, (1 R)+ D &, (R) ¢, (R)u, (r,R)=ED 4, (R)u
first term2

( 27\; Y ]z¢m(R)“m(r’R):g[wm(R)]um(r,R)

R)-Veu,(r.R)

R ¥m

2M,
hZ
2M,

#n(R)Vi Uy (1.R)

first approximation

u,(r,R) are slowly varying function of R

=4, AA zero

“Ta 2t (R)un (1. R) = X[ Ted (R) Jun (r.R)
Take the scalar product with u,(r,R)

JITd%u;(r.R)u, (r.R) = 0.,

" Tadn (R)+ 6, (R) 4 (R) = Edhy (R)

o] 21 2 ¢, (R) potential W o] 35




Uncertainty Relationel] <] 3f

The ratio of the vibrational energy of the nuclei:
to the electronic energy is

1 1
E.w ho ma’o pa’ (mjz K _[m]z
w2/ n A M) m? M
y %na2 A e

M
o] molecule®& Center of massol] t gk Rotation 7} &

J(I+1)n’ h? ema’ m
ETO'[ = = 2 = > =(C,‘-—
21 2Ma Ma M
wavelengthe] H]
(a). a=-2"
mca
C 2 2
hy =27h-—=mca
A
. 27hc
S0
mc’a’®
3 2rh
mca’®
~3500A
b). Vibrational transition 3500,& M infra-red
(
m
(c). Rotational transition 3500,3\-M ~ 0.1~1cm
m

-10 -



7} ke $k molecule
hZ ) h2 ) e2 e2 2
——V = ———+——E |y(r,R)=0
2MR2mr‘ﬁR‘qR v(rR)
2
C.M.oll wfste] A7z}
M2
=—p=EMp
M,+M, 2
2 2 2 2 2 2
- P n '2'462:_ n ) :
2Mpa R 2M JR ) M, S(R
2 2 2
Electronic Energy
TFeF R wo] W electrone dfubo & o
E =-13.6eV
R=0, Z=2 case
E =-13.6Z%V = -54.4eV
Electronic eigenvalue
- p? € e?  e? -
Houo(r,R) 2m_‘ﬁ R‘_ﬁ |§+E uo(r,R)
5 [Tt

=& (R)u (r ﬁ)

(R
o] A+ Elliptical coordinate=

Reasonable trial function
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7a,
F'-R
A
= de re e
78y
1

1 —(r?+R%*-2r'Rcos6)2/ e

( + ) ao'e ria,

- [d°r'r?sinododg-e
78

2\ _R
=[1+E+R—2je %
a, 3a;
The expectation value of H,

<H>gyu :m<W1iW2|Ho|W1iW2>

- ]{<W1| Ho|ya) + (w2 | Holwa) £ (w)] H0|‘//2>J—r<'f”2|H0|‘//1>}

“2[1£S(R)
:<V/1|Ho|‘//1>i<‘//1|Ho|'//2>
1£S(R) Fa o duA
2 2 2 2
(il Holya) = [ (7.R)] |- =i = | (FR)
r——|| [Fr+—
2
2 r,R
—E1+e——e2.[d3r l/jl( _,)‘
. R
F+—
2




ol @ Al eigenstate 7| = 8} U?
[H, rotation about the z-axis] =0
Re 522 A
e™ 2] angular dependence’} A& A o] o},
m=0,£1,%2,---, S,P,D,--- WAl o,7,6, -

g,u symmetric, anti-symmetric

Pauli®] exclusion principles %<3} homonuclear molecules
&l o] spin 1
2
total & 2] wave function = anti-symmetric
Rotation - Spin
even L - singlet

odd L - triplet
Rotation< equally probable
ﬂ_'_% I:)evenL :1
IDoddL 3

- 13 -



Tkok Spin 17} integero] W
Symmetric = Rotation - Spin
even L - even state (21,21 -2,---)
odd L - odd state (21 1,21 -3,--)

Even state® <

=[2-(2L)+1]+[2(2L-2)+1]+---[ 2-(2)+1]+[2-0+1]
(1+1)(41+1+1)

2
=(1+1)(21+1)

Even + odd
=[2(21)+1]+[(21 =1)+1]+---+[2-1+1]+[2-0+1]

_(21+1)(41+1+7)
- 2

= (21 +1)°

Even state (21 +1)(1+1)
Oddstate (2L +1)° —(21 +1)(1 +1)
C(21+)(1+1)

o (21+)1
_I+
|

Fermiond 74 %

Spin 17} half interger¢l 7 $+=
EvenL |
OddL 1+1

Rotational state energy
_RPL(L+1)

rot
21
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Energy of radiation

w(L+1—>L)=§%[U;+Q(L+2)—L(L+1ﬂ
#(B+3L+2 L*-L)

N, atom= 147] proton + 77l electrono] & o] 3| 3} t}.

9] 2] spectrume] density w3t o] t},
% o] Neutrono] A ¥ % 770 proton + 77l neutron$
g o} 9} U} .
= =

Excitation energy
0
C, =N, —E(T
Fa

E

[dE-E-g(E)e T

E(T): E
J'dEg (E)efk?T
=—ilnz
op

:kBTZ%InIdEg(E)ekBT

g(E) : degeneracy of states

average energy

E(T) = By (T)+ B (T) + By (T) -

[dEg(E)e T

- 15 -



2T o
=——-@
2a "
_r
o
E=k 1?2 (ijs-(;zzlvlk T)2
® oT |\ 27n °
3
=kBT2.i InT?2
oT
S
o (3
C 8T(2 e j
3
_ENOkB
_3R
2
Rotation
2
L for H,
21 kg
=84.8K
R2L(L+1 KPL(L+)
Z(2L+1)-Q-e 2T
E _ L
rot — RPL(L+1)

D(2L+1)-e T

L
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HPL(L+)

Z=>Y (2L+1)e 2T
L

BLEE
=jd|-2|.e 2ksT et x =12, dx = 2IdI

hZ

_ J’dx ) elekBTX

o |°

hZ
21k, T
= h2

E :kBTZ-iIn(ZlszTJ
ot h

1
== kBT2 ?

=k,T
~C,=k-n,=R
vibrational state

E=lo, nx+i +ho,| N +l +ho, nz+l
2 W2 2

first excited state7} A 5+ A} 7+

_Eo _B
— Ee*" +Ee’
E=— E 1E1
e el 4o kT
_ha,
_E+Ee ™
_ha,
1+e ke
hwz _h(uz
=E,|1+= B et |[1-e
EO
ho,
~E +hwe '
E,=ho, -~ +ho, 1Jrha)z-1
2 2
E =ho, —-+ho, 1+ha)Z 3
2 2
7930 2 9] spring +5°] AY Hr.
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