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Chapter 12 

The Real Hydrogen Atom 
 

가짜  수소  (Ideal Hydrogen atom) 
진짜  수소  (Real Hydrogen atom) 
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       Zeeman effect 
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   유명한  21.4cm wave 
 

 
( )222 2 2

2
0 3 2

1      
2 2 8

p 2p ze p zeH mc
r mμ μ

= − → + − −
c r

 

pf. 

 1) 
2 2

2
p zeH = − 에서  
m r

2 2

2
p zeH

rμ
= −  pf 

 2) 
( )222 2 2

2
3 2

1
2 2 8

p 2p ze p zeH m  c
r m c rμ μ

= − → + − −

   pf. 
22

21
2 2 2

pe pp p
m M μ
+ = 임을  증명하자 .  

 electron의  좌표  ( )1 1 1, ,x y z  

 proton의  좌표   ( )2 2 2, ,x y z  

 

 -  1  -



Let  1 2x x x= −  

( )1 2
1X mx Mx

m M
= +

+
 

2 2 2 2 222 2 2

1 1 1 2 2 22 2 2 2
pe pp

m M m x y z M x y z

⎡ ⎤ ⎡⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂
⎢ ⎥ ⎢+ = − + + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥ ⎢⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣

= =
2 ⎤
⎥
⎥⎦

 

 
1 1 1

x X m
x x x X x x m M X
∂ ∂ ∂ ∂ ∂ ∂ ∂

= ⋅ + ⋅ = + ⋅
∂ ∂ ∂ ∂ ∂ ∂ + ∂

 

 

( )

1
2 22 2

2 22 2 2 2 2 2

2 2 2

2 2

2 2

2 2

2 2

1 1
2 2

M
x x m M X

m M
m x m M X M x m M X

m m M M
m x m M x X m M X M x m M x X m M X

x m M Xμ

∂ ∂ ∂
= − + ⋅

∂ ∂ + ∂

∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞= − + ⋅ − − + ⋅⎜ ⎟ ⎜ ⎟∂ + ∂ ∂ + ∂⎝ ⎠ ⎝ ⎠
⎡ ⎤ ⎡∂ ∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞= − + + ⋅ − − +⎢ ⎥ ⎢⎜ ⎟ ⎜ ⎟∂ + ∂ ∂ + ∂ ∂ + ∂ ∂ + ∂⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢⎣ ⎦ ⎣
∂ ∂

= − +
∂ + ∂

= =

= =
2

⎤∂
⎥
⎥⎦

    center of mass의  움직임 .  potential과  무관  ↑
     constant of motion →  neglect 

 

( )

( )

1/ 22 221/ 22 2 2 4 2
2 2

22 4
1/ 22 2

2 2 4 4

22 4
2

3 2

2 4
2

3 2

1
2 2

1 11      1 1
2 8 2 2 8

1
2 2 8

2 8

p pe
e

pe e

pe e

p ppp c m c mc
M m c M

pp pmc x x x
m c m c M

pp pmc
m M m c

p pmc
m cμ

⎛ ⎞
+ + = + +⎜ ⎟

⎝ ⎠

⎛ ⎞
= + − + + = + −⎜ ⎟

⎝ ⎠

= + + −

= + −

∵ 1

    constant 2 :mc

 
( )22

1 3 28
p

H
m c

= −  

 -  2  -



  estimate 
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Spin-Orbit Coupling 
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 특징  1. 의  함수이다 .  l
     .2. 이  커지면  작아진다 .  n

     .3. ( )zα 가  커지면  커진다 .  
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크기를  어떻게  계산하나 ? 
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 참고 :  때문에  생겨난  2H EΔ 는  Spin-orbit coupling 

  1) 만의  함수이다 .  ,l j

  2) l이  커지면  작아진다 .  
  3) zα가  커지면  커진다 .  
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11 1 3 1
1 12 4 4 1
2 2

E E E
l
l

mc z mc z
nn l n l l

α α

Δ = Δ + Δ

⎡ ⎤
⎢ ⎥ − +
⎢ ⎥= − ⋅ − + ⋅

⎛ ⎞ ⎛ ⎞⎢ ⎥+ +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
+

 

1
2

j l= −  경우와  1
2

j l= + 인  경우  

 ( )42
3

1 1 1
12 4
2

E mc z
n nj

α

⎡ ⎤
⎢ ⎥

Δ = − ⋅ ⋅ −⎢ ⎥
⎢ ⎥+
⎣ ⎦

3  

  j가  같으면  같다 .
 Relativistic Dirac equation 에서는  맞는다 .    0l→ =
 

Anomalous Zeeman Effect 
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 또한  j가  같으면  에너지  eigenvalue가  같았다 .  

 
2
egM S
mc

= −
GG

 

 
( ) ( )

( )

, , , , , , , ,

, , , ,

2
2 2

2 2

j j j

j j

j m l z z j m l j m l z z j m l

j j m l z j m l

eB eBL S J S
mc mc

eB eBm S
mc mc

φ φ φ φ

φ φ

+ = +

= +=

j

 

1, ,
2

j l l
φ

+
 

 total angular momentum : 1
2

l +  

 z component   : 1
2

m +  

  1
2

m + 은  1
2

l + 과  1
2

l⎛− +⎜
⎝ ⎠

⎞
⎟  사이에  있다 .  

 
1 ,, ,
2

1 ,, ,
2

1
2 1 2 1

1
2 1 2 1

l m l mj l l

l m l mj l l

l m l mY Y
l l

l m l mY Y
l l

, 1

, 1

φ χ χ

φ χ χ

+ +
+

+ +
−

+ + −
= +

+ +

− + +
= −

+ +

−

−

 

 

1 1, , , ,
2 2

, , 1 , ,
1 1

2 1 2 1 2 1 2 1

1
2 1 2 2 1 2

2 1
2 1 2

2 1

zj l l j l l

l m l m z l m l m

j

S

l m l m l m l mY Y S Y Y
l l l l

l m l m
l l

m
l
m
l

φ φ

1χ χ χ

+ +

+ + − + χ+ −

∴

+ + − + + −
= + +

+ + + +

+ + −
= ⋅ − ⋅

+ +
+

= ⋅
+

=
+

= =

=

=

 

 
같은  방법으로  
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General representation of anomalous Zeeman effect 
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fine structure 
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Famous 21.4cm 

 1. 수소의  양  
 2. motion and temperature that contains hydrogen gas 
  태양계  : hydrogen atom의  density 1 3−  cm
           온도    100  K
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어디에서  나오나  

핵의  magnetic moment와  1
2

S = 인  electron의 spin과의  interaction 

 Hyperfine structure 

 N    g : gyromagnetic ratio
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핵에  의한  magnetic field 
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For  ( ) ( )00     statenr r Sφ φ=G G
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