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Chapter 9 ~ 10

Matrix Representation of Operators & Spin

Heisenberg — Q.M. : array of numbers
Max Born — Matrices

Shrodinger equation 271

Dirac — Abstract formulation

angular momentum

2|1, m) =1 (1+2)72[1,m) 12Y,, =1(1+1) 1%,
L, |I,m)=ma|l,m) L,Y,, = maY,,
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LZYLm = thl'm
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do, (4) .
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1
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matrices= 3% Al
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where

01 0 i 1 0 . . .
o, = o, =] . O, = called Pauli’s Spin matrices
1 0) "7 0 0 -1

[vaay] =2io,

2 _ 2 2
o,=0,=0,=1
0,0, =-0,0,

0,0,=-0,0,

0,0, =-0,0,
Spinor — two component column vector

S, ] eigenspinor
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i Al. A Vectore] o3k eigenvector

A=nX+ny+n,zZ

=sin @cos ¢X +sin &sin ¢y + cos ¢2
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. o u) 1.(u
(SX~5|n9cos¢+Sy-S|n49$|n¢+SZ-cos@)[vj=§h( J

v

0 1). 0 —i). . 1 0
sindcosg+| . sin@dsin ¢+ cosé

10 i 0 0 -1

B cosd sin@cosg—isindsin ¢

~sin@cosg+isinsing —cosd

[ cos@ singe™
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Spin processes about the z-axis
_€gB _eB

2w =
2mc  mc

g A 5 9

Paramagnetic resonance

B,: pointing in the z-direction

B,coswt: small oscillation pointing in the x-direction

o a(t)| egn( B, B, cos ot \( a(t)
dt|b(t)| 4mc|B,cosat B, )| b(t)
g8, , _ 9B,

°“amc’ ' 4mc

i%a(t)=a)0a(t)+a)lcoswt-b(t)
i%b(t) =w,coswt-a(t)—wh(t)

A(t)=a(t)e"
B(t)=b(t)e™™

i—— =@ cosat-B(t)e*™
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idBd—Et) =, cosat- A(t)e ™

2"¢ order differential equation for A(t)

d?A(t)
dt?
A(t)=A(0)e”
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dt 4
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Spin processes about the z-axis

1) Spin addition
2) Spin + Orbital
3) General case

1) S+S
S48,y | =178,
S8, |=i8S,,
=0

[5.5]

(S8, |=[ Su +50:81, + S,y |
= I:Slx’ Sly]"[szw Szy
—inS,, +ins,,
= inS,

~.S & total spin angular momenta©] t}.

s?¥ s 9] eigenfunctions -3l X A},

=y

T+ 719 spinsystem> ul 7)o stateE ZEi .

1(1 171
52 9):_(_4_1}7&2 J(rl),Sz &2):_(_4_1}7&2 £z),
W 5|2 Xi' v X 512 e

Su2t) = i%h;(f), Syt = i%hz“)

+

Yl 7l 9] state

L L,



o] HE state: S,° eigenstateo] #| Tk

s29] eigenstate:= o} Y T},

SZ+ Z+ :(S +S +S );(+ ZJ(r)

1
, S,==(S,+S
S, =S, +1S, o 2( -*S.)

S =S —iS N
- T 9 y S S,-S_
y 2|( )
[hstestessvssosiostiss s et |0
_|L(ss +ss S2 | 4V,
_§(+‘+‘ DS |
$7=(5,+5,)
:Slz+822+sl'82+82'81
§2,W (SZ+82+28 S,,+S.S, +S, Sz+)Z+ pas

3 3 1.1

— —h2+—h2+2'_h'_h (1) (2)
S22 dndi) oy

=217 4\ 417

=1-(1+1) n?y M 4

Sty 4 =(S+57+25,8,,+5,5, +5,8,,) 1" 2%

o kol M EAAG
eigenvector”} o} 4 t}

2P =11

Lowering
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S P2 =(8u ) + 278, 27

(3] @ . (2)

27 +ny® 4t

=hy
=n(22%+ 2°2%)

~|L0)= Jli (2927 + 2027
L |l,m)=n[1(l +1)—m(m+1)]1/2 [l m+1)
L |t my=2[1(1+1)-m(m-2)T"]1l,m-1)

S 7Y% =5 [11)
=h[1-2-1.0]

=/211,0)

1/2

[1.0)
~[10)= le (2227 + 2227
Lower one more
[1-1) = 29 2%
[12) = 29217
- |L0)= \/15 (2222 + 2% 27)

|1, 1> 7942

Let |p)=axr®x?+ @ 2%

then 0=(10|y)

La+ =0

1
)= (020 = 207)

Let Sz|‘/’>=(312+322)- W, _ 0 ())

ol

=0

S*lv) =

lw)=[0.0)
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[H.87]=[H,s,]=0 [H,8°]=[H,s,]=0

[H.S;|=[H.s,,]=0

Simultaneous eigen function of

H,82,82,5,.5,,52 9= 4 4. H,S5%,S,,82,82 %

[ZA]. 5709 electron AFo] el Spinol 74 & =

V(r) =Y, (r)+ =S, -5V, (r)

hZ
[H.S,]#0,[H,S,,]#0

LAl = AZE ok o,

§1-§2=%(sz—sf—s§)

$2,82,82,H2 A2 Commutedtt},

J Zl//- 1 - J 2(ZYIm}(+ + ‘] 2IB’YIm+1/7(—
2

=(1°+s”+2L,S,+L,S_+LS,)aY, 7,
+(I2 +s°+2L,S,+L.S_+ LﬁS+)ﬂY|m+1;(7
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[H,s7|=[H,s;]=0

Simultaneous eigen function of
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I +1)+%+2~m{%ﬂfﬂ,mgg+ J{I (I +1)+%+2-(m+1)[—%ﬂﬁ\(|,m+1
l+m+1)(1-m)-aY, .7 +\/(I +m+1)(I-m)BY,. 2.

(I +1)+%+ mja+\/(l +m+1)(1 —m)ﬂ}Ylm)a

(I
+K| (1 +1)+%—(m +1)jﬂ+\/(l +m+1)(1- m)a}Y.ymﬂz

_ 2 =
h? ) y/j,m% _I(
+(

i(i+)a :(I I+1 +i+mja+\/ (I+m+1)(1-m)B

. i(j+1)p= (| +%_ m+1jﬂ+\/l+m+l)(| m)a

(](j+1) 11+ 1)_%_@ = Jirman)(i—m)p
(j(j+1)—|(|+1)—%+(m+1)j/3=\/(l+m+1)(|—m)a

Ne FeA,

(i+0)-1(041)-2=tor 11 oW w5

3

0=j(j+1)-12-1-2_]

i(i+1) 1
L 3

— 2+ j-12—2-2
i+ 7

= j2+j+%—(lz+2l+1)
2
= j+%) —(1+2)°

= j+£+|+1}(j+1—l—lj
2 2
_ j+|+§J(j—|—lJ
2 2

'j—I+£
o 5

or
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O:j(j+1}—ul+1y—%+(l+l)
SRR R e e !

S jorat
1Y
= Z <2
(”2)
:(j+|+1](j—|+1j
2 2

===
. 2

' j—I+l orj—l—1
s 5

then = [EM*L 5 [1=m
21+1 21+1
H+m+1 l—m
. = Y + Y
l//l+%,m+% 21 +1 I,ml+ 2l +1 I,m+1Z—
| —m l+m+1
WI—% m+% 2l +1 I,mA+ 2 +1 I,m+1Z—
General case
T 709l angular momente]
Y(l) (2) _Il < m, < Il
lmy * T l,m, —IZ < mz Slz
easy fact

1) JZ:L12+L22

2) total angular momentum < maximum®ol|
Y Yo 7F ESkE o] 9

VYYD =(B+5+20,L, + L. L, +L LYY v0
= (L (L +1)+1, (1, +1)+ 200, )Y, 2, v,
=22 (1, +1,) (1, +1, + 1), v,

bl 7l

S =L,
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H @) = =
o =|L-L| A= T

ol
o

279 state= zZ ek A )2
hxb j N4
(21, +1)x(21,+1) 2(1,+1,)+1
2(L+1,-1)+1

2(1, —.I2)+1

- total 7} 5

21,(21,+1)
2[2 —l,+n +1] )(21,+1)+ (2I2+1)+2.T
(21, +1)- [2 ,)+1+2l, ]

=(21,+1)(2l, -2l +1+2|2)

=(21,+1)(21,+1)

ol Spin %"J dA = e
) ,,(2)
A X
1 + A+

triplet S=15,=| 0 (;(f);(fz)ﬂgfl)zﬁz))

Nl

® 2 _ 0,02

singlet $=0,S,=0 (2927 - 247)

Nl

total wave function
= anti-symmetric
= space x spin

S x A
A x S
Space part
=u(r)

am () Yin (6,0)
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Symmetric

Antisymmetric
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F=>r Y, (60,) =Y, (70,44 7)

0—>r-0 |
¢—)¢+7Z' :(_1) Y|m(6’¢)
& . highly unstable elementary particle

Yukawa®] 7z meson

1. 2%~ +: charge +e

2. Spin 0

2 & ParityZ7} even<l 7} odd<l 7}?

#7F AU AE drrt =99
a°l 3T liquid deuteriumol <& oy x 7t Bohr
radiusel 7Fd YA 2™ F nno= FEHr.

A g F ondnow e E.
77+d >n+n

J angular momentum 1

d¢] angular momentum 1
7~— Spin0
Orbital angular momentum zero
(--Bohr, lowest)

~n+n< angular momentum 131 73 Ej o] t},

Spin Angular momentum
0 (A) 1 (A) — not possible
1(8) .

1(A) |..total A

2

angular momentum 1%+ 7} 3ka web A odd parityRrs ZE
A €.

Spectroscopic notation

2S+1 L
J

180,1 F)l,l Dz,l F3,"'
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S,P,D:& o A&, 9 R} A

molecule &= 3
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