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Chapter 7

Angular Momentum

L=rxp

the definition of Angular Momentum

LX:y.pZ_Z.py
L,=z-p,—X-p,
L _h{_ 0O 0) ho
Z_X.py_y.px_T Xa_y& _Ta_¢

—2

L =L +L +L]

Angular Momentum<] “ladder operator’S t} 3 o] A9 dht},

L, =L, +iL,

. . Tig
=z +i-rcosé sine-ei'¢£+lcosa-ei'¢ 0 +i e_ 9
l or r 00 r-sinf o¢
$i-rsin0-ei¢(coseg—ﬂij
or r o6

= he* J_ri+ i c:otei
00 o



|:Lx’Ly:|:|:y' P, —Z: py,Z' P, —X- pz:|
=[y-p,.z-pJ+[ 2 oy x p, |-y P x-p,]-[ 2- Dy 2 b, ]
=[y-p,. z-p ]+ z-p,.xp, |=y[p,. 2] p, + b, [2. P, ] X
= y(-in) p, +p, (in)x=in(x-p,-y-p,)

—inL,
[L,,L]=inL,
[L,.L, |=inL,

L,-L =(L +iL, (L, +iL, ) =L+ L7 +i[ L,,L, |
=L +L +i(-inL, )= L2+ L2 +nL,

—2 9
=L -L2+5L,

—2

L L =L -L%-5L,

-

L]=L -L-L-L, =27,

"+ 1

—2

L
—L, L —AL +L>
=L -L +nL,+L



[L+’ LZ]
=L +iL,, L, |
= 7L

"+

(L, L]+i[ L, L, |=—iAL, +i(iAL, ) = -A(L, +iL,)
[L,,L]=hAL

7 T+ +

¢(r)-Y,.(0,4): Laplace equation®] solution

LY, (0,4)=1(1+2)72 Y, , (6.4)
L,-Y, . (6.4)=mh-Y,, (6,9)
AN HYE ¢3to] eigenvalueE 19 o] A A3t}

I‘z 'Yl,m (9’ ¢) = ?G_ZY”“ (9’¢) = mh 'Yl,m (0’¢)

.0 —im-
h 8¢Yl,m(‘9’¢)—'m Yim (6.9)

Yo (60.8)~e™

Y, . (6,8)=Y, . (6,4+27)
eim27r -1

m is integer.

LY, (0.0) =L, L Y, (0,8) = L1 (1+1)12-Y, . (6, 9)

=1(1+2)7%-L, Y, , (6,9)

L. Y, . (60.9) & S eigenfunction®] t}.



[L.L]=L,-L-L, L, =5L,
ALl =L L 4L,

L,-L Y, (9, ¢) :(L+ L, +hL+)-Y,lm (9, ¢)

=L, LY. (6.4)+nL, Y, . (6,9)
= L+ ’mh'Yl,m (‘9’¢)+h|-+ 'Yl.m (9’¢)
=(m+1)n-L.-Y,,(6.9)

L,-L-Y, . (6.4)=(m-1)an-L_-Y,,(60.9)

L.-Y, . (6,¢) & L,° eigenfunctiono] t},

<Y|’m (6, ¢)‘E2

Ym(a¢»:lﬂ+ﬂh2

~ (N (0.0 (0.0))
(LY, (0.0) LY., (6,9)) 2 0

~1(1+1)=0

(L

(9 ¢)

. .m(9¢)>

\E L[Y,n (6.9))
<|m T -LeFiL . (0.9))
<.m<e¢)\ 0 (0.6)) (%1 (0.9)

=1(1+1)a* —m*A* T mA’®
=1 (I(1+1)-m’£m)>0

L2

z

Yo (0.0))F (%0 (0.0)|L. Y, (0.9))



~1(1+1)-m*—m>0 (1+1)-m*+m>0

~I(1+1)>m?* +m I(I1+1)>m?—m

~m?+m-1(1+1)<0 m’—m-1(1+1)<0

S (m+1+1)(m-1)<0 (m=1-1)(m+1)<0

S=l-1<m<lI —I<m<I+1

L=l <m<l
me 75 21+1 70

L. Yy (6:6)=C. (1,M)-Y, 1., (6,9)

Yin (0.8)|L; - L|Y, 0 (6.9))
<L Vi (0.9)|L. Y, (0,9))

2 2

=[c. (L) (%, 10¢\Y. A(6.¢))=[C.(1.m)

< 9¢‘L L2+hL‘Y )>
~ (Yo ()T Vo (0.0) (1 QLN (0.6) 7Y, (0.8) LY, (019)
=1(1+1)a* —m*A* T mA’®

~C,(Im)= JI(1+2)7? -m*n? FmA? = /I (1+1) - m(m=£1)



Y, (0,4)=0,,(6)-e"
me FH gk |
=LY, (6,4)=0

o[ 9 Licote-2|.
he [6H+|cot08¢j Y, (6.9)

~ne¥| % vicotol- -0,,(0)-e"
00 op) "

i i d : d i
= he" e'¢ﬁ®,,,(9)+|cot9-®,,,(¢9)%e'¢]

= he" e”¢;—0®,,, (0)+icotd-©,, (6’)-(i|)-e"¢j

_ peit+ils (i
do

_dey,(9)

0, (0)~1cot0-0, (e)j:o

=lcotd-0,,(9)

. 46,,(0) _ coso
©, (6 sing
d®,.( ) IJ-cose

-dé@

)

©,,(0) sin@

In‘@II 0)|=1In|sin 6| =Inlsin 0|
.0, (0)=sin'6

=Y, (6,¢)=sin'9-e"

Yoo0(6.9)= %ﬂ Yo(6,¢)= \/%cos@ Y. (60.¢)= —\/gei“j sin@



