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Variational Quantum Algorithms

What is VQAs?

VQE and QAOA



1. Initialize the quantum processor in | ⟩+ ⊗"

2. Generate a variational wavefunction      

by applying  the problem Hamiltonian 𝐻# and 

a mixing Hamiltonian 𝐻$ = ∑%&'" 𝑋%
3. Determine the expectation value 

4. Search for the optimal parameters                                       

by a classical computer

Level p-QAOA

[L. Zhou et al., Quantum Approximate Optimization Algorithm: 
Performance, Mechanism, and Implementation on Near-Term 
Devices, Phys. Rev. X 10, 021067, 2020]

Quantum Approximate Optimization Algorithm
What is QAOA?

Approximation ratio



Variational Quantum Eigensolver (VQE)
Some variational ansatze – targeted at quantum simulation

ü Hamiltonian Variational ansatz:

• Assume that: we want to find the ground state of 𝐻 = ∑!𝐻!
we can write 𝐻 = 𝐻" + 𝐻#

• Then: prepare the ground state of 𝐻$
For each of 𝐿 layers 𝑙, implement ∏% 𝑒!&!"'" for some times 𝑡(% ∈ ℝ

• Intuition comes from the quantum adiabatic theorem:

As 𝐿 → ∞, this ansatz provably can represent the ground state of 𝐻.

↑ easy to prepare the ground state of 𝐻$



Adiabatic 
Quantum Computing



Adiabatic Quantum Computing
= Quantum Annealing

↑ easy to prepare the ground state of 𝐻$

Adiabatic 
Quantum Computing



Adiabatic Quantum Computing
Hamiltonian and time evolution

ü Schrödinger equation:

• Time evolution of a quantum system with Hamiltonian 𝐻

𝐻| ⟩𝜓(𝑡) = 𝑖ℏ
𝜕
𝜕𝑡
| ⟩𝜓(𝑡)

• For time-independent 𝐻:

| ⟩𝜓 𝑡 = 𝑒!"#$/ℏ| ⟩𝜓 0

ü Adiabatic theorem:

If the Hamiltonian of a quantum system in its ground state is perturbed slowly enough,  

the system remains in its ground state.

Higher energy states



Adiabatic Quantum Computing
Hamiltonian and time evolution

• Consider the Hamiltonian 𝐻 = 𝐻' + 𝐻(
• Time evolution operator

𝑈 𝑡 = 𝑒!
"#$
ℏ = 𝑒!

"(#)'#*)$
ℏ

• For commuting matrices 𝐻', 𝐻(:

𝑒#)'#* = 𝑒#)𝑒#*

ü Trotter Suzuki Formula:

𝑒!"(#)'#*)$ ≈ 𝑒!"#)$/*𝑒!"#*$/* *



Adiabatic Quantum Computing
Adiabatic path or Annealing schedule 

ü Adiabatic path or Annealing schedule:

𝐻 𝑡 =
𝑡
𝑇𝐻+ + 1 −

𝑡
𝑇 𝐻, 𝑡 ∈ 0, 𝑇

ü Discretizing AQC and QAOA:

𝑈 𝑇 = 𝑈 𝑇, 0 = 𝑈 𝑇, 𝑇 − Δ𝑡 𝑈 𝑇 − Δ𝑡, 𝑇 − 2Δ𝑡 ⋯𝑈 Δ𝑡, 0
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Variants of QAOA

ü Recursive QAOA (2019) : iteratively reduces the problem size

[S. Bravyi et al., Obstacles to State Preparation and Variational Optimization from Symmetry Protection, Phys. Rev. Lett. 125, 260505 (2019)]



Variants of QAOA

ü Recursive QAOA (2019) : iteratively reduces the problem size

ü Warm starting QAOA (2021) 

[D. J. Egger et al., Warm-starting quantum optimization, Quantum 5, 479 (2021)]



Variants of QAOA

ü Recursive QAOA (2019) : iteratively reduces the problem size

ü Warm starting QAOA (2021) 

ü Feedback-based ALgorithm for Qauntum OptimizatioN (FALQON) (2021)



Variants of QAOA

ü Recursive QAOA (2019) : iteratively reduces the problem size

ü Warm starting QAOA (2021) 

ü FALQON (2021)

ü Adaptive QAOA (2022)

- different mixer Hamiltonian

at each level

[L. Zhu et al., Adaptive quantum approximate optimization algorithm for solving combinatorial problems on a quantum computer, Phys. Rev. Research 4, 033029 (2022)]

[Y. Liao et al., Quantum Optimization for Training Quantum Neural Networks, arXiv:2103.17047 (2021)]



Variants of QAOA

ü Recursive QAOA (2019) : iteratively reduces the problem size

ü Warm starting QAOA (2021) 

ü FALQON (2021)

ü Adaptive QAOA (2022)

- shortcuts to adiabaticity

[L. Zhu et al., Adaptive quantum approximate optimization algorithm for solving combinatorial problems on a quantum computer, Phys. Rev. Research 4, 033029 (2022)]

[Y. Liao et al., Quantum Optimization for Training Quantum Neural Networks, arXiv:2103.17047 (2021)]



Variants of QAOA

[V. Vijendran et al., An Expressive Ansatz for Low-Depth Quantum Optimisation, arXiv:2302.04479 (2023)]

ü Recursive QAOA (2019) : iteratively reduces the problem size

ü Warm starting QAOA (2021) 

ü Adaptive QAOA (2022) 

ü Multi-angle QAOA (2022)

ü eXpressive QAOA (2023)
⋮

⋮



Variants of QAOA

[K. Blekos et al., A Review on Quantum Approximate Optimization Algorithm and its Variants, arXiv:2306.09198 (2023)]

⋮

⋮



Implementing QAOA
Hands-on



1. Initialize the quantum processor in | ⟩+ ⊗.

2. Generate a variational wavefunction      

by applying  the problem Hamiltonian 𝐻/ and 

a mixing Hamiltonian 𝐻, = ∑*0&. 𝑋*
3. Determine the expectation value 

4. Search for the optimal parameters                                       

by a classical computer

Level p-QAOA

[L. Zhou et al., Quantum Approximate Optimization Algorithm: 
Performance, Mechanism, and Implementation on Near-Term 
Devices, Phys. Rev. X 10, 021067, 2020]

Quantum Approximate Optimization Algorithm
What is QAOA?

Approximation ratio



1. Initialize the quantum processor in | ⟩+ ⊗.

2. Generate a variational wavefunction      

by applying  the problem Hamiltonian 𝐻/ and 

a mixing Hamiltonian 𝐻, = ∑*0&. 𝑋*
3. Determine the expectation value 

4. Search for the optimal parameters                                       

by a classical computer

Level p-QAOA

[L. Zhou et al., Quantum Approximate Optimization Algorithm: 
Performance, Mechanism, and Implementation on Near-Term 
Devices, Phys. Rev. X 10, 021067, 2020]

Quantum Approximate Optimization Algorithm
What is QAOA?

Approximation ratio



Implementing QAOA
Pauli operators 𝑋, 𝑌, and 𝑍

Pauli	operators	(single	qubit	operations)

𝑋 = 0 1
1 0 , 𝑌 = 0 −𝑖

𝑖 0 , 𝑍 = 1 0
0 −1



Implementing QAOA
Pauli operators 𝑋, 𝑌, and 𝑍



Implementing QAOA
Pauli operators 𝑋, 𝑌, and 𝑍

= 𝑒;<
=
>?𝑋

𝑌

𝑍

= 𝑒;<
=
>@

= 𝑒;<
=
>A



Implementing QAOA
The circuits of 𝐻' and 𝐻(

𝐻! =C
"#$

%

𝑋" 𝑈 𝛽 = 𝑒&'()* = 𝑒&'( ∑+,-
. ++ =G

"#$

%

𝑒&'(++ =G
"#$

%

𝑅++(2𝛽)

Pauli	matrices
𝑋 = 0 1

1 0 , 𝑌 = 0 −𝑖
𝑖 0 , 𝑍 = 1 0

0 −1

⟩𝑋|0 = 0 0
0 1

1
0

= ⟩|1 , ⟩𝑋|1 = ⟩|0

𝑅?(𝜃) = 𝑒;<
=
>?



Implementing QAOA
The circuits of 𝐻' and 𝐻(

𝐻! =C
"#$

%

𝑋" 𝑈(𝛽) = 𝑒&'()*



Implementing QAOA
The circuits of 𝐻' and 𝐻(

𝐻6 =
1
2 #
{+,/}∈1

(1 − 𝑍+𝑍/) 𝑈(𝛾) = 𝑒?+@A1

Pauli	matrices
𝑋 = 0 1

1 0 , 𝑌 = 0 −𝑖
𝑖 0 , 𝑍 = 1 0

0 −1

⟩𝑍|0 = 1 0
0 −1

1
0

= ⟩|0 , ⟩𝑍|1 = − ⟩|1

Note that

𝑒B ⟩|𝑣 = 𝑒C ⟩|𝑣 if 𝐴 ⟩|𝑣 = 𝜆 ⟩|𝑣

Since ⟩𝑍|𝑥 = (−1)" ⟩|𝑥 , 

𝑒;<BADAE '|𝑥<𝑥C = 𝑒;<B(DD⊕DE) '|𝑥<𝑥C



Implementing QAOA
The circuits of 𝐻' and 𝐻(

𝐻6 =
1
2 #
{+,/}∈1

(1 − 𝑍+𝑍/) 𝑈(𝛾) = 𝑒?+@A1
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eobae@kias.re.kr




