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Quantum Approximate Optimization Algorithm
What is QAOA?

| @

< Level p_QAO A ) (a) variational parameters
(A—/" ﬁ) = (",“] ge ey ’\!"‘1). ‘»‘3] gooey }"3[,)
{} {} measure
1. Initialize the quantum processor in |+)®V
quantum p " + T S HEH o
2. Generate a variational wavefunction ® ® = o=l
- ; ; g : - <. HX . (- o R
|¢p(f-7'“3)> — ¢~ WpHB p—ipHc ...6—151H36—171Hc|+>®N |+> 2 .ﬁl %Q Br _-= E’/g\%
by applying the problem Hamiltonian H; and " g-" X Qm X _-= Sm/"g"
a mixing Hamiltonian Hz = X)_; X; i o Pr
3. Determine the expectation value [L. Zhou et al., Quantum Approximate Optimization Algorithm:
i ) ) Performance, Mechanism, and Implementation on Near-Term
Fp(,8) = (4 (¥, B)Hel¥n(7, 8)) Devices, Phys. Rev. X 10, 021067, 2020]
4. Search for the optimal parameters
(,87) = argmax F;(¥, 5) USRI ' @ 487 <)
Vs Approximation ratio 7 =
Cmax

by a classical computer




Variational Quantum Eigensolver (VQE)

Some variational ansatze — targeted at quantum simulation

v Hamiltonian Variational ansatz:
« Assume that: we want to find the ground state of H = }}; H;
we can write H = Hg + H;
T easy to prepare the ground state of Hy
« Then: prepare the ground state of Hy

For each of L layers I, implement [],. e‘‘Hk for some times t; € R

* Intuition comes from the quantum adiabatic theorem:

As L — oo, this ansatz provably can represent the ground state of H.
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Adiabatic Quantum Computing

= Quantum Annealing

Figure 1. Schematic illustration of adiabatic quantum computing: by starting from the solution
of a simple optimization problem (left) and slowly changing it to a complicated one (right), we
are guaranteed by the adiabatic theorem to stay in the minimum during the whole evolution




Adiabatic Quantum Computing

Hamiltonian and time evolution

v Schrodinger equation:

« Time evolution of a quantum system with Hamiltonian H

d
Hiy () = ihall/)(t))
« For time-independent H:

[p(£)) = e~ H/ My (0))

Higher energy states
v Adiabatic theorem: 9 9y
If the Hamiltonian of a quantum system in its ground state is perturbed slowly enough,

the system remains in its ground state.




Adiabatic Quantum Computing

Hamiltonian and time evolution

* Consider the Hamiltonian H = Hg + H
« Time evolution operator

_IHt _i(HB+Hc)t
Ult)=e " =e h

« For commuting matrices Hg, H.:

eHB+HC — eHBeHC

v" Trotter Suzuki Formula;

e~ U(HBTHOt o (e—iHBt/re—iHCt/r)r




Adiabatic Quantum Computing @

Adiabatic path or Annealing schedule

v Adiabatic path or Annealing schedule:

H(E) = %Hc + (1 —%)HB t €0,T]

v" Discretizing AQC and QAOA:
U(T) =U(T,0) = U(T, =

p p p
o JAt ]At
<[ erromone =] TeiCFres6 e T @Ry (T
j=1 j=1 j=1 \, B

("77 ﬁ)) - e_i'BpHBe_i’YpHc 50 _iﬂlHBe—’i’Ych |+>®N




Variants of QAOA
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Variants of QAOA

v" Recursive QAOA (2019) : iteratively reduces the problem size
My3 = 0.7

‘<I:I QAOA @ no g <k QAOA @
M24=—04
2 3 I
1@
5@ 4 hft

2
[S. Bravyi et a/, Obstacles to State Preparation and Variational Optimization from Symmetry Protection, Phys. Rev. Lett. 125, 260505 (2019)]

solve 5




Variants of QAOA

v Recursive QAOA (2019) : iteratively reduces the problem size

. p
v" Warm starting QAOA (2021) — Ry (61) — Ry (—01) H Rz(~26x) H Ry (61) H—-A
—{ Ry (62) By (=6) A Rz(=28k) [ Ry (62) A
e~ eHeo
- Ry (6n) — Ry (~0x) H Rz(~26x) H Ry (0n) [}—A

Figure 2: Quantum circuit for WS-QAOA. The first Ry ro-
tations prepare the initial state |¢*). The mixer operator, i.e.
Ry (0:)Rz(—28k)Ry (—0;), is applied after the time-evolved
problem Hamiltonian fIc.

[D. J. Egger et al, Warm-starting quantum optimization, Quantum 5, 479 (2021)]




Variants of QAOA

v Recursive QAOA (2019) : iteratively reduces the problem size
v' Warm starting QAOA (2021)
v" Feedback-based ALgorithm for Qauntum OptimizatioN (FALQON) (2021)

@po . Bi=0 (aﬁ (step (ED

I Prepare qubits in state | y) = U(B)U, U (BDU, | )

H! : /7‘_ » IT Measure qubits to estimate A, = (y | i[H,, H,] |y;)
% JUPL= C =4 I setf,, =4
Step1 ] SR 2 1 \ ot S = — Ay J
Layer1 —>»: | Estimate A,
I RN | | 111 ( \
-:—_- a E f L - - H
1Y fUaby - umESTE 9 St (c)
Step2 7| : T A, : B=—A, (Hp>l
“—Layer1 ><—Layer2 > ' Estimated, . . || | e s YT
. * L. = A
=n :‘ . — - (Hp>t’
Step £ j‘jilu,, U,,(pl)u,,(ﬂz)I ZEUd(ﬂﬁ — ./A: L -l »
¥ : B °f s >

. 5 5 5 D A 0 1
| %= Layer1 > layer2—» < layer/—: . azs::fems K
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(3) [ variational parameters
7 ﬁ) ( 3y 1) 31
& measure

Variants of QAOA ) I

® . ® XBP .= 2 -g
ol X.ﬁl 3 X,ﬁ" -= ét/&é\‘%
/ . . . . m E m g m -
Recursive QAOA (2019) : iteratively reduces the problem size oy 3oy _i= a8
v' Warm starting QAOA (2021)
[Y. Liao et al, Quantum Optimization for Training Quantum Neural Networks, arXiv:2103.17047 (2021)]
‘/ FALQON (2021) i ] Lo :[ iﬂzx.Yz]:
. 12):10) = fe :
/ Adaptlve QAOA (2022) E——— lé): l(_» = Heé" B eith “Tn eirHe 4 eir.-Hc eirHe A:
. . . . lap:10) o |- - -
- different mixer Hamiltonian w4 (ene) :
n ? 1) “‘ Ti k:. G .:
at each level 3 e @ : ;

: o :
: f

[L. Zhu et al, Adaptive quantum approximate optimization algorithm for solving combinatorial problems on a quantum computer, Phys. Rev. Research 4, 033029 (2022)]




Variants of QAOA

Recursive QAOA (2019) : iteratively reduces the problem size

Warm starting QAOA (2021) e eeeser
FALQON (2021) e
Adaptive QAOA (2022)

- shortcuts to adiabaticity

DN N NN

Z eiC(H) | (7')

e

\

\\
219 /”
\ i Parameter Hilbert Space J

........................

o .

: QL : TV
Mixers Pool  + v"\i”" 2 \ oA, w 3
. N .

. v .

[L. Zhu et al, Adaptive quantum approximate optimization algorithm for solving combinatorial problems on a quantum computer, Phys. Rev. Research 4, 033029 (2022)]
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Variants of QAOA (a) [ variational parameters.
('xﬁ (Y15 -, Yo By« |
v" Recursive QAOA (2019) : iteratively reduces the problem size ::: 2‘» '|—ﬁ'l @5 : t
v' Warm starting QAOA (2021) ] = X‘ﬁll Zm : -E
v" Adaptive QAOA (2022)
b) Problem Unitary L'Y'r:ﬁ':% o

v' Multi-angle QAOA (2022)
v eXpressive QAOA (2023)

Quantum Ansatz

[V. Vijendran et al, An Expressive Ansatz for Low-Depth Quantum Optimisation, arXiv:2302.04479 (2023)]




Variants of QAOA

Approximation ratio

Approximation ratio

QAOA QAOA+ FALQON
1.0 1 1
" N - - \/\/\/\
081 Graph Type 1
0.71| —— Complete
0.6.- Regular
" || —— Random |
\_ /
0.5
ModifiedQAOA WarmStart QAOA ma-QAOA
1.01 1 ]
\_-\’_‘\/_
09| gEm———7"
0.8 1
0.7
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[K. Blekos et al, A Review on Quantum Approximate Optimization Algorithm and its Variants, arXiv:2306.09198 (2023)]
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Implementing QAOA

Pauli operators X,Y, and Z

Pauli operators (single qubit operations)
x=( o)7=0 9)2=( 2

lp.)y=10) | |y,)=-i|0)

lg,)=10) [p,)=10)

Y) =11 | [¥)=I1) W)y =il1)| |y,)=1)

Pauli X Pauli Y Pauli Z




=

Single-Qubit Gates

Implen
Pauli operat:
aE cos(O/Z))
— |¢ — .
> = cos(0/2) |0> + e?sin(0/2) [1> (e'¢sin(9/2)
Rotation matrices:
0 . w0 z1
. _ [ cosy  —ising 10>
Rx(0) = (—ising cos? )
2 2
0 6
sinz  cosz
y _ e—i9/2 0
2(0) = ( 0 eie/z)




e The rotation matrices are a linear combination of the Pauli
operators: ,, ,, 6, and the identity operator ().

9 . .8 .0
Ry(6) = (—isin% cosg ) = cos3 (O 1) lsmi(1 0) = coss [ —ising & | = 2
6 . 0 .0
5 €oS7 —Siny 1 0\ ..0/(0 —i 07 ... 0 —i5Y
R,(0) = 2 2] = cos? —isinz | . = cos5 | — isin= — 2
Y (sin% cosg 2 (O 1) 2 (l 0 ) 2 > ¥ e
~ e_% 0 cosg - isin% 0
R,(6) = io | = 9 , - - 0
0 ez 0 cos3 + isinz
= cos"( ) lsme( 0 ) = cos? [ —isin & —l'gz
2\0 1 2\0 -1 =e 2




Implementing QAOA @

The circuits of H- and Hpg

Pauli matrices _
x=(1 =0 9)2=0 5)

x0=0 ()=  xm=10

.0
Ry(6) = e~ '2*

N N

N
. N i
Ho= Y X U@) =e# = ¥ 2% = [ Teibni = [ [y 2)
j=1




The Mixing Unitary

[ ]
I m p I e m e ntl n g QAOA from giskit import QuantumCircuit, ClassicalRegister, QuantumRegist@r

. . from giskit import Aer, execute
The circuits of H; and H from qiskit.circuit import Parameter
C B

adjacency = nx.adjacency_matrix(G) .todense()
nqubits = 4

beta = Parameter("$\\beta$")

gc_mix = QuantumCircuit(nqubits)

for i in range(O, nqubits):

gc_mix.rx(2 *x beta, i)

gc_mix.draw()

try

%—5’;—

2%8

] qz_Rx_

2*B

Q3—2R*’,§—




Implementing QAOA

The circuits of H- and Hpg ) )
Pauli matrices

= 9r=0 2=6 2

z0=(1 °)() =10 zm=-m

Note that
edlv) = etv)  if Alv) = A|v)

Since Z|x) = (—1)*|x),

1 , V7T — v (D s
He = 2 Z (1-2iZj) U(y)=e e e W4z |xl-xj) =e ly(xl@xﬂl?ﬁ'.%j)
{i,j}€E




Implementing QAOA

The circuits of H, and Hp The Problem Unitary
gamma = Parameter("$\\gamma$")
gc_p = QuantumCircuit(nqubits)
for pair in list(G.edges()): # pairs of nodes
gc_p.rzz(2 * gamma, pair[0], pair[1])
gc_p.barrier()

gc_p.decompose() .draw()

try
qo —
0 —O— 8
H _1 1—-2;Z;) U(y) =e WHc " o
C=5 ( i ]) (y)=e o e

{i.J}€E
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Thank you!
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