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2-1 Introduction
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2-2 Matrix Representation
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> 2-3 Simple Harmonic Osclillator

 Simple Case
H=hw(a'a+1/2)

 With External term

e

H=("+a)a+a) = d'a+ala +a) + o?



) Campbell-Baker-Hausdorff Formula
& Displacement Operator
& Coherent State

« Campbell-Baker-Hausdorff Formula
A=A r L ]
epue” " = p+ [\ pl+ 57 A A pll + =

 Displacement Operator

At * A
D(a) = e@d'—a"a

D'(a) = D7} a) = D(—a)
« Using Formula

D' (a)aD(a) = a+ o
D'(a)a'D(a) = a' +a*



> Continue..

e Unitary Transform of SHO

D'(a)HD(a) = D(a)a’D(a)D'(a)aD(a) = (a' +a)(a+a)

 Coherent state

st

ala) = ala)
« Coherent state generating

ja) = D(a)]0)



> Continue...

* Fock space representation

la) = ez ) a)”
~ n!

« EXxpectation Value

(&) = %ua o) +(alal | a))

= lata
A
« Uncertainty
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> Mathematica

Range[0, 107 :

In[2]:= IIl

BotateleftéDiagonalMatrix@é Sgrténn

Egg

Dgg = Transpose@Egg

1= {Bgg // MatrixForm, Dgg // MatrixForm}

E
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Out[5]
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> Mathematica

DiagonalMatrix[nn] + ¢ (Dgg + Egg) + g™ 2 IdentityMatrix[11]

= H[g ] :

In[E]:

In[7T]:= H[g] // MatrixForm

Ot [T MatriceForm
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> Mathematica

« Eigenvector of Hamiltonian vs Coherent state

ngr= {Reverse@Part[Transpose@®Eigenvectors[H[0.5]], 1],
Exp[-1/2%*1/2%1/2] Sum[(0.5*1i« (Dot @@ ConstantArray[Dgg, i]).{1, 0, 0,0, 0,0, 0,0, 0, 0, 0}) /fFactoxrial[i],

{i, 0, 10}1} // Transpose // MatrixForm

Qut[BMatrixForm=

o 0.882457 0.882457
0.441248 0.441248
-0.156005 0.156005
0.0450347 0.0450347
0.0112587 0.0112587

0.0025175 0.00251752
0.00051237% 0.000513886
0.0000925562 0.0000971154
0.0000126522 0.0000171677
G.77723x1077 2.86129x10°¢
2.67685x10°% 4.5241x1077 |
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Mathematica

In[11]= {ee, ev} = Eigensystem [H[O0.5]]

n
iEnt

p=i[t ] := Transpose@Conjugate[ev] . ((Exp[-I ee £] ev) . (C5}) q:j f y f — =
— 1/ 1) 2. > 1
(1) = U (1n | 1q)€
HP[E ] :=With[{P=1i =p=si[C]}
0
r {{Coniugate[psi[t]].(Egg +Dgg) .psi[t]),

(Conjugate[psi[t]].(({(IEgg-IDgg)).psi[c]})}}]

figd4 := ParametricPlot[XP[t], {t, 0, 800}, ColorFunction » Function[{x, v, £}, Hue[0.8 £]11]

v~ Show[£iga] « Xvs P Plot
Center is
(-1.0,0) which
IS Expectation
value of X, P
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2-4 Jaynes Cummings Hamiltonian

* Approximation
(a+aY@(cT+o ) )~awo +al @0~

. 1
Hjc = &Td ‘|‘Q(&Jr0'_ + dU+) + §O'Z

* Eigen state

1
vy ) = —(|n, )£ |n+1,1))
£) = 5l )

1
[n—l—c,rv'n— 1+1/2) |n,t) + (n+1+gvn+1—-1/2)|n,})

H Jo vy ) =

Sl
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Sl

- Y l i \ \ 3 \
Hijclv ) = —=[[n+gvn+1+1/2)|n,t) — (n+1+gyn+1—-1/2)|n,l)

(n+1/2—gvn+1)(|n,t)— |n+1,1))

Elis
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Mathematica

Injzz;:= nn = Range [0, 5] »

Egg = Rotateleft@DiagonalMatrix@ Sgrténn;

Dgg = Transpose @Egg ;

Inf22]= JC[g_ ] := Panli[0] @DiagonalMatrix[mn] + g+ (Fanli[4] ®Egg + Fanli[5] ®Dgg) + 1/ 2 Pauli[3] ® IdentityMatrix[6]

[23= JC[g] /f MatrixForm

]
i
i
il

Out[ 23 MatrocForm=
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Mathematica

injz4)= {eel, evl} = Eigensystem [JC[0.1]];

Inj2e:= evl // Transpose // MatrixForm

Out[38)/MatrixForm=

r 0. 0. a. 0. 0. a. 0. 0. 0. 0.707107 Q. -0.707107,
0. 0. 0. 0. 0. 0. Q. 0.707107 0.707107 Q. Q. 0.

0. 0. 0. 0. 0. 0.707107 -0.707107 Q. 0. 0. 0. 0.

0. 0. 0. 0.707107 0.707107 0. 0. 0. 0. 0. 0. 0.

0. -0.707107 -0.707107 Q. 0. 0. 0. 0. 0. 0. 0. 0.

1 0 0 0 0 0. 0. 0 0 0 0 0

0. 0. a. 0. 0. a. 0. 0. 0. 0. -1. 0.

0. 0. a. 0. 0. a. 0. 0. 0. 0.707107 Q. 0.707107
0. 0. a. 0. 0. a. 0. 0.707107 -0.707107 0. Q. 0.

0. 0. 0. 0. 0. 0.707107 0.707107 Q. 0. 0. 0. 0.

0. 0. Q. 0.707107 -0.707107 0. Q. Q. 0. 0. Q. 0.
\0. -0.707107 0.707107 0. 0. 0. 0. 0. 0. 0. 0. 0.

{eel, Reverse@Flatten[Table[{i+1/2-0.15qrt[i+1], i+1/2+0.1 5grt[i+1]}, {i, 0, 5}]]1} // Transpose // MatrixForm

Out[ 71V iMatrizForm=
{ 3.3 5.74485 -
4,.72361 5.253505
4.27639 4.72361
3.7 4.276038
3.3 3.7
2.687321 3.3
2.326789 2.67321
1.64142 2.32679
1.35858 1.64142
0.6 1.35858
-0.5 0.6
0.4 0.4 )




Mathematica

inf2o}= psil[t ] := Transpose@Conjugate[evl]. ((Exp[-Ieel t]evl). ({0, 0,1, 0,0,0,0,0,0,0,0,0}))
Plot[{Conjugate[p=sil[t]]. (Pauli[0] ®@DiagonalMatrix[nn]) .p=sil[t],

Conjugate[psil[t]]. (Pauli[3] @ IdentityMatrix[6]) .psil[t]}, {t, 0, 20}]

outigil= 1
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) 2-5 Rabi Hamiltonian

« Rabi Hamiltonian can’t solve exactly
« S0 we observe property using mathematica

19



Mathematica

In[110}= nm = Range [0, 5] ;
Egg = Rotateleft@DiagonalMatrix® Sqrt@nn;

Dgg = Transpose @Egg;

inf128):= Rabi[g ] := Pauli[0] @ DiagonalMatrix[mn] - o #Pauli[1]@ (Egg + Dgg) + 1/2 Pauli[3] @ IdentityMatrix[6]

In[1221= Rabi[g] // MatrixForm

Out[122)/MatrixForm=
f 1 0 0 0 0 0 0 -g 0 0 0 0
0 3 0 0 0 0 -g 0o -v/2g 0 0 0
0 0 5 0 0 0 0 -2g 0 -/3g o0 0
0 0 0 3 0 0 0 0 -v3g o0 -2g 0

0 0 0 0 5 0 0 0 0 -2g 0 -5g¢g
0 0 0 0 0 E 0 0 0 0o -+/5g 0
0 -g 0 0 0 0o - 5 0 0 0 0 0
-.g 0 -=2g o0 0 0 0 3 0 0 0 0
0 v2g 0 -3g o0 0 0 0 = 0 0 0
0 0 -3g 0 -2g 0 0 0 0 : 0 0
0 0 0 -2g 0 -5g 0 0 0 0 . 0
0 0 0 0 -5g 0 0 0 0 0 0 2



Mathematica

With small g~0.1
 We can observe that property is similar to JC model

Inj48):= {ee2, ev2} = Eigensystem [Rabi[0.1]];
Inja7= ev [/ Transpose // MatrixForm
Out[47)/MatrixForm=
f Q. 3.08178x10°% -7.44038x10°¢ a. Q. -0.00221852 -0.00287807
0.0000160382 Q. Q. 0.00377805 0.005112e3 Q. 0.
Q. 0.0050416E -0.00754154 a. Q. -0.735402 -0.6873842
0.010%9E865 Q. Q. 0.T738812 0.8681le2 Q. 0.
Q. 0.7189&76 -0.6E86041 a. Q. 0.0744214 -0.0681147
0.8993779 a. Q. -0.0824%964 0.0748141 a. Q.
2.76172 %1077 a. a. 0.0000901041 0.000134cE2 a. Q.
a. 0.0001e8541 -0.000281787 Q. a. -0.04B808535 -0.05244%9¢
0.000473366 Q. Q. 0.0585666 0.084E365 a. Q.
Q. 0.0g48551 -0.0775855 Q. Q. -0.671748 0.T733818
0.110825 Q. Q. O.c00263 -0.737382 Q. 0.
Q. 0.891256 0.722519 a. Q. -0.00908091 0.00c99432
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Mathematica

Inf48]= psi2[t_] := Transpose@Conjugate[ev2]. ((Exp[-Iee2 t] ev2). ({0, 0,1, 0,0, 0,0,0,0,0,0,0}))
Plot[{Conjugate[psi2[t]]. (Pauli[0] ® DiagonalMatrix[nn]) .psi2[t],

Conjugate[psi2[t]]. (Pauli[3] ® IdentityMatrix[6]) .psi2[t]}, {t, 0, 20}]

Out[4g]= 1

4. .
—
]
—
(]
]
]
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Mathematica

 With large g~1.0

ns01= {ee2, ev2} = Eigensystem[Rabi[1.0]];

In[51]

ev2 // Transpose // MatrixForm

Cutl5 1M atrixForm=

f 0. -0.0042823¢ 0.
0.02758¢68 0. -0.184183
0. -0.135952 0.
0.33742¢ 0. -0.693655
0. -0.721022 0.
0.7105852 0. 0.53458
0.00350433 0. -0.0338348
0. -0.02590161 0.
0.11207 0. -0.424555
0. -0.351275 0.
0.5945956 0. -0.133025
0. -0.580843 0.

-0.0555873 0. 0.170465 -0.667248
0. 0.685744 0. 0.
-0.636549 0. 0.485311 0.190479%
0. -0.20028 0. 0.
0.00292333 0. -0.4459838 -0.340334
0. 0.288557 0. 0.

0. 0.2059205 0. 0.
-0.239149 0. 0.38217 -0.515245
0. 0.484¢631 0. 0.
-0.544¢5 0. -0.244253 0.28567
0. -0.345301 0. 0.
0.487203 0. 0.572143 0.2357¢67
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Mathematica

Inf52}= pei2[t ] := Transpose@Conjugate[evi]. ((Exp[-Iee2 t]ev2). ({0, 0,1, 0,0,0,0,0,0,0,0,0}))
Plot[{Conjugate[p=siZ2[t]]. (Pauli[0] @DiagonalMatrixnn]) .p=si2[t],

Conjugate[psi2[t]]. (Pauli[3] ® IdentityMatrix[6]) .p=si2[t]}, {t, 0, 20}]

Dut[53]=

10

20
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>)- Mathematica

n[i24p= la = Transpose@Table[Take [Sort@Eigenvalues@Rabi[g] , Ceiling[8]], {g, 0, 2, 0.01}];

-

ga = ListPlot[la, Joined —»

True, DataRange » {0, 1}, ImageSize » Large,
GridLines » Automatic, Axes - None, Frame » True]
afb T T

— |

Out[185]=

0.0 0z

0.6 0.8
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>/ Mathematica

')
e

H = a'a—gla'+a)o" +0° +0"

la = Transpose@Table [Take [Scrt@Eigenvalues@H[g, 0.1], Ceiling[$N/2]], {g, 0, 3, 0.01}];

ga = ListPlet[la, Joined - True, DataRange - {0, 3}, ImageSize =+ Large,

GridLines » Automatic, Axes + None, Frame = True)

4 ]
é
é
é
é
é
;
1 1 I I | 1 1

0.0 0.5 1.0 15 2.0 2.5 3.0
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> Conservated Quantity

» State transition in Rabi Hamiltonian

0,4, |1,1), [2.1), ..

0.1), [ 1.4, 12.1), ..
+  Parity Operator

7% = cos(ma'a) @ o*

7%, Hpap] = 0

27



Continue...

 We can construct Hamiltonian to Block Diagonal Matrix

ca
o

n[13s)= Rabi[g_ ] := Pauli[0] @DiagonalMatrix[nn] - g +Pauli[0] @ (Egg + Dgg) + 1/ 2 Pauli[3] @DiagonalMatrix[Cos[Pinn]]

n(120;= Rabi[g] // MatrixForm

Cut[190W/MatrixForm=

% -g 0 0 ] ] 0 0 0 0 0 o
-g 2 -Vzg 0 0 0 0 0 0 0 0

0 -2 g ; 3 g 0 0 0 0 0 0 0 0

0 0 3 g : 2g 0 0 0 0 0 0 0

0 0 0 -2g g /s g o 0 0 0 0 0

0 0 0 0 /5 g 2 0 0 0 0 0 0

0 0 0 0 0 0 -% -g 0 0 0 0

0 0 0 0 0 0 -qg g -2 g 0 0 0

0 0 0 0 0 0 0 -2 g 2 3g o0 0

0 0 0 0 0 0 0 0 -3 g : -2g 0

0 0 0 0 0 0 0 0 0 —2g ; /5 g
0 0 0 0 0 0 0 0 0 0 5 g & ]

28



X-P Plot

SH=10;

Let[Real=, t]

nn:=Range [0, 5H] :

nnn:=ConstantArray[1,5H+1)]

Aegg=Rotateleft@DiagonalMatrix@Sgrt[nn] ;

Adgg=Dag [Aesgg] ;

CS[g ]:=Exp[-1/2(g)”"2]x(g)*nn/Sqgrt[nn!]+nnn

Id:=IdentityMatrix[5N:1]:;

Idd:=DiagonalMatrix[Cos[Pi nn]]:

Rabi[g ]:=Paunli[0]@DiagonalMatrix[nn]-g+Panli [0]&(A=gg+Adgg)+ 1/2Panli[3]@DiagonalMatrix[Cos[Pi nn]]

NRabi[g ] :=Rabi[g][[1;; 11, 1;;11]]
NRabi[g] // MatrixForm

(2 -g ] a0 0 0 ] 0 ] 0 ]
-g 2 -2 g a0 0 0 ] 0 ] 0 ]
0 v2g 2 -ag o 0 0 0 0 0 0
0 0o -/3g 3 -2g 0 0 0 0 0 0
0 0 0 -2g 2 59 o 0 0 0 0
0 0 0 0 +s5g 2 Jeg 0 0 0 0
0 0 0 0 0 -eg 2 -7 g 0 0 0
0 0 0 0 0 0 7gq B -2+/2 g 0 0
0 0 0 0 0 0 0 -2+/2 g 2 -3g 0
0 0 0 0 0 0 0 0 -3g E -/10 g
0 0 0 0 0 0 0 0 0 -/10 g 2

29



> Continue...

In[28]:= {ee,ev}=Eigensystem [NRabi[0.5]];
psi[i_]:=Transpose@Conjugate[ev].((Bxp[-I ee t] ev).(C5[0.5]))
¥P[t_]:=With[{Psi=psi[i]}
r { (Conjugate[psi[£]]. (((Aegg+Adgg)) .psi[£])),
(Conjugate[psi[£]]. (((I Regg-I Adgq)).psi[£]))}]
fig:=ParametricPlot[¥P[t],{t,0,50},ColorFunction+Function([{x, v, t} , Hue[0.8¢2]] ,PlotRange+{{0,3},{-1.5,1.5}}]

n[z21= Show[fig]

140
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> Continue...

In[194]:= {eel ,evl}=Eigensystem [HRabi[1.01]] :
psil[t ]:=Transpose@Conjugate[evl] . ((Exp[-T eel t] evl). (C5[0.5]})
HP1[Et ]:=With[{P=si=p=sil[Lt]}
{ (Conjugate[psil[£]]. ({{Aegg+Adgg)) .psil[E]) ),
(Conjugate[psil[£]]. (((I Aegg-TI Adgg)).psil[t]l}}}]
figl:=ParametricPlot[XP1[t],{t,0,50},ColorFunction+Function[{x,v,t} ,Hue[0.8cC] ] ,PlotRange—+{{0,4},{-1.5,1.5}1}]

Inf122):= Show [figl]

151

nsf

outf183= 00—
ost

1.|:|}

15L

frame... labels... axes~ imagesize~ more... = =
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Package




3-1 Cauchy Package

In[1]= << Mathey Cauchy’
Mathey\Cauchy.m v3.23 (2016-01-07) Mahn-Soo Choi

5= Let[Reals, x]

6= RealQ[x]

outjgl= True

n2; = Let[Complexes, v]
n[2}= ComplexQ[y]

outj3]= True

in[10}= {z * Conjugate[z], x * Conjugate[x]}

.IJ\.
Out[10]= {zz , xz}

33



3-2 Pauli Package

In[1}= << Quaphy Pauli"

Mathey\Cauchy.m w3.23

Quaphy\Pauli.m v2.33

(2016-01-07)

(2016-02-22)

Mahn-Soo Choi

Mahn-Soo Choi

2= {MatrixForm@Ket[0], MatrixForm@Ket[1l], MatrixForm @ Pauli[3]}

In[s
o X2 o [0 - o0
v V2 ¢ [V
1 1 i i 1
ows= | = ¢ =, |= © -=|. |00 0 ‘
: s : . - 00 -1
0 — 0 o] = o]
injg)= ClebschGordanTable[1, 1]
V2, 2y 2, 1y 12, 0 -1 42, -2% (1, 1% 11, 0} 1, -1 o, 0%
1 ] ] o ] ] o o
, 0! = 0 0 = 0 0 0
1, -1} o ] L o 0 ] = o L
8 2 a2
o, 11 o = 0 o 0 -= 0 o o
I'_
0, 0! o o |2 o D o 0 o -
y 3 N
o, -1} o ] 0 £ 0 ] 0 £ o
-1, 11 o o _— o 0 o - o .
v E 'z Va3
-1, 0 0 0 0 - 0 0 - = 0
-1, -1} o o 0 o 1 o 0 o o
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Question
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