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Motivation @

Quantum Algorithms

< Why quantum algorithms? >

« Quantum computer can theoretically solve some problems much faster

than classical computers.

v Shor's factoring algorithm RSAxkey
cry m

v Grover's search algorithm

v Physics and chemistry simulations

[P. Shor, Polynomial-Time Algorithms for Prime Factorization and Discrete Logarithms on a Quantum Computer, SIAM J.Sci.Statist.Comput. 26 (1997)
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Quantum Algorithms

How RSA Encryption Works
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Quantum Algorithms

How RSA Encryption Works
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Motivation

Quantum Algorithms

< Shor’s factoring algorithm >

v" Peter Shor (1994)
v" Quantum Algorithm to factor an

integer N

v Classical: 0(el?(ogM?/?(toglog)?/?)y

v Quantum: 0((logN)?loglogN)
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Quantum Algorithms

T

-1 billion years
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-1 thousand years
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Time to Factor an n-bit Number
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Figure 2. Scaling of number field sieve (NFS) and Shor’s algorithms for factoring, using faster modular expo-
nentiation algorithms.

[Van Meter et al.,, Architecture-Dependent Execution Time of Shor's Algorithm, Controllable Quantum States, pp.183-188 (2008)
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< Shor’s algorithm: complexity comparison >

Very roughly (ignoring constant factors!):

Number of digits

Timesteps (quantum)

Timesteps (classical)

100
1000
10000

10°
10°
1012

~4x 10°
~ 5x 1019
~ 1x 1041

Based on these figures, a 10000-digit number could be

factorized by:
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< Shor’s algorithm: complexity comparison >

« A guantum computer with a clock speed of TMHz in 11
days.

« The fastest computer on the Top500 supercomputer list
(~9.3 x 10'6 operations per second) in ~3.4 x 1016 years.

(see e.g. [Van Meter et al '08] for a more detailed comparison)

[Van Meter et al.,, Architecture-Dependent Execution Time of Shor's Algorithm, Controllable Quantum States, pp.183-188 (2008)
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( Resources for Shor’s factoring algorithm>

v' = 5,000 qubits to factor cryptographically significant numbers

(without error correction)

v' = 1,000,000 qubits with error correction

v' =~ 100,000,000 quantum gates

[C. Gidney and M. Ekerd, How to factor 2048 bit RSA integers in 8 hours using 20 million noisy qubits, Quantum 5, 433 (2021)




Motivation
&) Why quantum algorithms?

© Why VQAs? - NISQ Era




Motivation
NISQ Era

<NISQ (Noisy Intermediate-Scale Quantum) Era)

NISQ technology will be available in the
near future. Quantum computers with 50-
100 qubits may be able to perform tasks
which surpass the capabilities of today’s

classical digital computers, but noise in
guantum gates will limit the size of
guantum circuits that can be executed
reliably.

[J. Preskill, Quantum Computing in the NISQ era and beyond, Quantum 2, 79 (2018)]
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<NISQ (Noisy Intermediate-Scale Quantum) Era
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[J. Preskill, Quantum Computing in the NISQ era and beyond, Quantum 2, 79 (2018)]
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Near-Term Quantum Algorithms

< Near-Term Quantum Algorithms >

v Algorithms run on small quantum computers
v" Algorithms solve useful problems
v Low-depth, Robust to errors
v' Efficient use of qubits
- It needs enough qubits to store the problem
For example, VQE (Variational Quantum Eigensolver) or

QAOA (Quantum Approximate Optimization Algorithm)
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Variational Quantum Algorithms
What is VQAs?

< Variational Quantum-Classical Simulations )

Optimizer

| -

Classical Computer

Quantum Simulator

| . (V'B»p Readout p(w (}7' E)

v (.9)

P

[W.W. Ho and T.H. Hsieh, Efficient variational simulation of non-trivial quantum states, SciPost Phys. 6, 029 (2019)]




Variational Quantum Algorithms

What is VQASs?

Variational Quantum-Classical Simulations

Machine
learning

Variational
quantum
computing

Update
weights

CRUY

Update
variational
parameters

New
weights

Objective

function

New
parameters

Objective
function

GPU

Calculate
batch error

QPU

H—D Calculate

expectation
value

© 2020, Amazon Web Services, Inc. or its affiliates. All rights reserved. aWS
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What is VQAs?

FT

O @ D
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Quantum "k‘
chemistry

Finding ~ Variational quantum
ground states algorithms
Condensed
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Mathematical Combinatorial
applications optimization
S Factoring W
equations
Principal
components

[M. Cerezo et al., Variational quantum algorithms,, Nature Reviews Physics 3, pages 625-644 (2021)]
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Variational Quantum Eigensolver (VQE)

What is VQE?

v" VQE is an approach to find the ground

state of a quantum Hamiltonian H

v Based on the variational principle of
quantum mechanics:
For all state |y),
(WIH[Y) = Ep

where E, is the ground energy of H

Qubit Hamiltonian H
Choice of ansatz
Initial parameters 90

New set of 9 values

v v

Energy Evaluation

— -
— -

Classical Optimizer

Repeat until
convergence

to obtain
miny E(0)

- | E0) =<wlHly>

State
preparation

Expectation
estimation

http://opengemist.1gbit.com/docs/_images/VQE_overview.png

[A. Peruzzo et al., A variational eigenvalue solver on a photonic quantum processor, Nature. Communications 5, (2014)]



Variational Quantum Eigensolver (VQE)
What is VQE?

(1a) Hamiltonian representation (1b) Encoding of fermionic (1¢) Grouping and measurement \\\\
(e.g. secondquantized Hamiltonian) | | operators to Pauli operators | | weighting : \ \
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‘ ‘ Quantum computing subroutines ‘ Traditional computing subroutines

[J. Tilly et al., The Variational Quantum Eigensolver: A review of methods and best practices, Physics Reports 986 1-128 (2022)]




Variational Quantum Eigensolver (VQE) @

VQE leaves a lot of questions open

v' Good family of circuits to optimize

- Variational ansatze (Hardware-efficient ansatze, UCC ansatze), QAOA ansatze, -
v' Efficient methods to measure the energy (Y|H|y)

- Unitary partitioning approach, -
v' Good optimization over the variational ansatze

- Gradient/Coordinate descent (Parameter shift rule), ---

v’ Best way to represent H on the quantum computer in the first place




Quantum
Hamiltonians




Variational Quantum Eigensolver (VQE) @

Various families of quantum Hamiltonians

v k-local Hamiltonians: H =), H; , and each H; acts nontrivially on < k qubits

Eg) Ising model : H =X; yZiZ;,

where 7, = 1® - ®2® - ® and Z = (; )
1 i-th 0 -1

Heisenberg model : H = Y; s X;X; + VY, + Z;Z;

S

~ S>< T
=
L

X




water ammonia

Variational Quantum Eigensolver (VQE)

Various families of quantum Hamiltonians

v Fermionic Hamiltonians (e.g. molecules):

carbon dioxide methane

Lj

e . >

Here, a;T and a; are fermionic creation and annihilation operators.

a;" > Z;® - QZ;_1®1)0] a;~ Z;® - ®Z;_;®|0)(1]

Jordan—Wigner transformation

Fermion graph G Enumeration scheme f 1D array of qubits
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Variational Quantum Eigensolver (VQE)

What is a good family of circuits to optimize over?

v Hardware efficient ansatz:

A-’ ———————————————————— -~ ~\
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[A. Kandala et al., Hardware-efficient variational quantum eigensolver for small molecules and quantum magnets, Nature 549, pp 242-246
(2017)]




Variational Quantum Eigensolver (VQE)

Hardware-efficient ansatze

« Single qubit transformation

U3(6,¢,)

B cos(g)
~ \ e sin( %)

« 2 qubit case

|vo) ——

U3(6o, po, o)

—eir sin(%)

e+ cos( g)

) ) —

[91) —

U3(01, 61, \1)

—

U3(02, d2, \2)

U3(0, ¢, )

J3(04, b4, A1)

=

U3(03, g3, A3)

-

U3(05, b5, \s5)

—D

U3(6s, d6, N¢)

U3(07, b7, A7)




Variational Quantum Eigensolver (VQE)

Hardware-efficient ansatze

from giskit.circuit.library impoxrt EfficientSu2 O
entanglements = ["linear", "full"]
for entanglement in entanglements:
form = EfficientSU2(num_qubits=4, entanglement=entanglement)
print(f£f"{entanglement?} entanglement:")
# We initialize all parameters to O for this demonstration
display(form.decompose() .draw(fold=-1))

Linear entanglement

8[10] 8[14] 8[18] 9[22]
R z R Z



Variational Quantum Eigensolver (VQE)

Hardware-efficient ansatze

from giskit.circuit.library impoxrt EfficientSu2 O
entanglements = ["linear", "full"]
for entanglement in entanglements:
form = EfficientSU2(num_qubits=4, entanglement=entanglement)
print(f£f"{entanglement?} entanglement:")
# We initialize all parameters to O for this demonstration
display(form.decompose() .draw(fold=-1))

Full entanglement




Variational Quantum Eigensolver (VQE)
Unitary Coupled Cluster (UCC) ansatze

v" UCC ansatz: More suitable for general larger-scale chemical problems

~

T=Ti+T+ T,

with for example the single and double excitation operators:
T, = Z tfala;

a
I, = E tij a};abaja,-.
ijab

Using the Hartree-Fock state as reference state, the CC ansatz wave function is given by

1Y) =1//HF)- 1Y) =|¢HF)-

Not a unitary Unitary

[J. Romero et al., Strategies for quantum computing molecular energies using the unitary coupled cluster ansatz, arXiv:1701.02691v2 (2017)]

v




Variational Quantum Eigensolver (VQE)

Some variational ansatze — targeted at quantum simulation

v Hamiltonian Variational ansatz:
« Assume that: we want to find the ground state of H = }}; H;
we can write H = Hy + Hp
T easy to prepare the ground state of H,
« Then: prepare the ground state of Hy

For each of L layers I, implement [],. e‘‘Hk for some times t; € R

* Intuition comes from the quantum adiabatic theorem:

As L — oo, this ansatz provably can represent the ground state of H.




Table 10

Summary of circuit depth, parameters and entangling gates scaling across most fixed structure ansdtze reviewed. The scaling in the number of

entangling gates assumes full connectivity of the qubit lattice.

Method Depth Parameters

Entangling gates

Comments

Hardware Efficient O (L) O (NL)
Ansatz (HEA) [263]

o(N-1)L)

L is an arbitrary number of layers, its scaling
for exact ground state is unknown,
exponential in the worst case (i.e. if the entire
Hilbert space needs to be spanned to find the
ground state)

UCCSD [37,456] o ((N —my2mr)

o ((N —m>m?r)

q is the average Pauli weight across the
operators used to build the ansatz. As an
indication, maximum Pauli weight under
Jordan-Wigner is N, and log(N) under
Bravyi-Kitaev. 7 is the number of Trotter steps
used

UCCGSD [37,80,82] o (N%7) o (N*7)

0 (2(q — 1)N*7)

As above

k-UpCCGSD [80] o (kNt)

o (kr(q — 1)N?/2)

k is an arbitrary constant which determines
the accuracy of the result. Scaling is unknown.
Rest is as above.

00-UCCD [457] o ((N —my2mr)

0 (2(G — 1)N*7)

Same as UCCSD. It is worth noting that
00-UCCD is a nested loop between orbital
(one-body terms) optimization, done on a
conventional machine, and two-body terms
optimization done on the quantum computer.

Symmetry preserving O(N-=1))

[148]

o (2N — 1))

o (3(N - 1)L

This ansatz spans a wider range of the Hilbert
space than the EPS. It is therefore likely it
requires more circuit resources and as such
we suspect that L grows exponentially in N for
exact resolution of the ground state. This logic
also applies to HEA.

Efficient Symmetry
Preserving (EPS) ansatz
[218]

Scaling range from linear when m = 1, or
m =N — 1, to exponential if m~N/2

Hamiltonian Variational
Ansatz [82,150]

L represents the number of repetition of the
ansatz required to achieve the desired
accuracy. C is the number of terms in the
Hamiltonian, and C the number of
commutative groups among these terms.
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Variational Quantum Eigensolver (VQE)

Energy measurements

We need to measure energies Ey = (P|H[p)

Assume that: we want to find the ground state
of H = ); H;, where H; are simple terms

(W|H;|p) + & can be computed by using
0(1/£*) measurements

More works on optimizing measurements
- [Gokhale et al 19, Crawford et al ‘21, -]

Algorithm 1: Variational Quantum Eigensolver (VQE).

Result: Approximate ground state energy,
min9~<H)¢(§)
0: <+ random angles or initial guess;
1+ 1;
while (not classical optimizer termination condition)
do
for j € [O(N*1)] do
for O(1/€?) repetitions do
Prepare 1(6;):
Measure <Hj>'¢>(97:);
end
end
(H)y ) € 25 (Hjdyay);
Record (0;, (H)
1++;
Pick new 6; via classical optimizer;

b(@));

end




Classical Optimizer




Variational Quantum Eigensolver (VQE)
Classical Optimizers — A key ingredient in VQE

v' Stochastic approximation methods
- Finite Difference (FD) SA, Simultaneous Perturbation (SP) SA

v" Analytical gradient calculation

1
- Direct analytical gradient measurement 10) 1H H X A
0(0u(0)) 4o oy Jo,HU - He Ho, Ho, Ha
== = 2Im((golV] OMRUOgo)), A k
{

Fig. 13. Quantum circuit that evaluates lm((¢0|V,{T(0)I\7IkU(9)|¢0)).
- Indirect (Parameter shift rule)
9 (0k(0))
06,

— (Ou(0 + %ej» — (06 — %ej»

[J. Tilly et al., The Variational Quantum Eigensolver: A review of methods and best practices, Physics Reports 986, pp 1-128 (2022)]




Variational Quantum Eigensolver (VQE)
Classical Optimizers — A key ingredient in VQE

v Gradient-based searching strategy
- First order optimizers (Simple gradient descent, Adam optimizer)

- Second order optimizers (BFGS algorithm, Quantum natural gradient)

v Gradient-free searching strategy
- Nelder-Mead algorithm (based on a simplex)

- Sequential optimization
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Variational Quantum Eigensolver (VQE)

Applications of VQE

v Application to Quantum Chemistry

a
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[A. Kandala et al., Hardware-efficient variational quantum eigensolver for small molecules and quantum magnets, Nature 549, pp 242-246
(2017)]




Variational Quantum Eigensolver (VQE)
Applications of VQE

H= ]z(XX +YY, +ZZ)+BZZ

v' Application to Quantum Magnetism 0

a b — — Exact md=0 ed=2 c
—~ Ot e el
o}
= = < 41 10 I ,.#’ *O""""‘r '
G s § i
@ 5 N =27 } / ]
(0] += y 4
@ o .0 h SIS
- ekt _
0 50 100 150 200 250 0 0.2 0.4 0.6 0.8 1
lteration, k J/B J/B

The optimization of a four-qubit Heisenberg model on a square lattice, in an external magnetic field

[A. Kandala et al., Hardware-efficient variational quantum eigensolver for small molecules and quantum magnets, Nature 549, pp 242-246
(2017)]




Variational Quantum Algorithms

) What is VQAs?

& VQE and QAOA



Quantum Approximate Optimization Algorithm @

What is QAOA?

< QAOA ) < MAX-CUT Problem)

v" QAOA was introduced by Farhi et a/. (2014)
v Apply VQE framework to solve classical

optimization problem by setting

H= ) Ceolo
x€{0,1}"

where C(x) is a cost function.

Cut =4

v The ground state of H = the lowest-cost x

[E. Farhi et al., A Quantum Approximate Optimization Algorithm, arXiv:1411.4028 (2014)]




MAX-CUT problem




Quantum Approximate Optimization Algorithm @

What is MAX-CUT problem?

< MAX-CUT Problem)

v Goal: Split the set of vertices V of a graph G into two disjoint parts such that the

number of edges spanning two parts is maximized

Cut =3 Cut = 4




Quantum Approximate Optimization Algorithm
What is MAX-CUT problem?

< MAX-CUT Problem)

v' Formulated as an optimization problem : for z = (zq, -+, zy), z; € {—1,1} Vi

1
mZaX C(Z) = maXEZ{i’j}eE(l — ZiZj)

%

C(S):%(2+2+2)=3 C(S)=%(2+2+2+2)=4




Quantum Approximate Optimization Algorithm
QAOA for MAX-CUT Problem

< QAOA for MAX-CUT Problem >

v" MAX-CUT Hamiltonian:
1
He = > X nee(l — ZiZj)

v Notethat Z; = I® - ®Z® - ®I and Z = ((1) _01)
T i-th

v Hc|x)=C(x)|x) Vxe{01}N

1 . .
Yo max C(x) = maxy 5 ¥ pep(1 — (=D¥(=1)Y) = max C(2)




Quantum Approximate Optimization Algorithm
What is QAOA?

| @

< Level p_QAO A ) (a) variational parameters
(A—/" ﬁ) = (",“] ge ey ’\!"‘1). ‘»‘3] gooey }"3[,)
{} {} measure
1. Initialize the quantum processor in |+)®V
quantum p " + T S HEH o
2. Generate a variational wavefunction ® ® = o=l
- ; ; g : - <. HX . (- o R
|¢p(f-7'“3)> — ¢~ WpHB p—ipHc ...6—151H36—171Hc|+>®N |+> 2 .ﬁl %Q Br _-= E’/g\%
by applying the problem Hamiltonian H; and " g-" X Qm X _-= Sm/"g"
a mixing Hamiltonian Hz = X)_; X; i o Pr
3. Determine the expectation value [L. Zhou et al., Quantum Approximate Optimization Algorithm:
i ) ) Performance, Mechanism, and Implementation on Near-Term
Fp(,8) = (4 (¥, B)Hel¥n(7, 8)) Devices, Phys. Rev. X 10, 021067, 2020]
4. Search for the optimal parameters
(,87) = argmax F;(¥, 5) USRI ' @ 487 <)
Vs Approximation ratio 7 =
Cmax

by a classical computer




The Mixing Unitary

[ ]
I m p I e m e ntl n g QAOA from giskit import QuantumCircuit, ClassicalRegister, QuantumRegist@r

. . from giskit import Aer, execute
The circuits of H; and H from qiskit.circuit import Parameter
C B

adjacency = nx.adjacency_matrix(G) .todense()
nqubits = 4

beta = Parameter("$\\beta$")

gc_mix = QuantumCircuit(nqubits)

for i in range(O, nqubits):

gc_mix.rx(2 *x beta, i)

gc_mix.draw()

try

%—5’;—

2%8

] qz_Rx_

2*B

Q3—2R*’,§—




Implementing QAOA

The circuits of H, and Hp The Problem Unitary
gamma = Parameter("$\\gamma$")
gc_p = QuantumCircuit(nqubits)
for pair in list(G.edges()): # pairs of nodes
gc_p.rzz(2 * gamma, pair[0], pair[1])
gc_p.barrier()

gc_p.decompose() .draw()

try
qo —
0 —O— 8
H _1 1—-2;Z;) U(y) =e WHc " o
C=5 ( i ]) (y)=e o e

{i.J}€E
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Challenges for VQAs

v Shortage of theoretical justification for performance

v" Hard to train

- Finding optimal parameters for VQE is QCMA-hard [Bittel and Kliesch '21]

- VQE iterations on real hardware can be slow

a b

= =Slope =-0.694

- Barren plateaus

Var (c)GME)

v" Not easy to find a good variational ansatze. 10°;

510 15 20 25
Qubits (n)
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