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Three Basic Layers

Consider a quantum register of qubits, which we refer to them by symbol s.
in[-]:= Let[Qubit, S]

For example, we will consider a quantum register of n qubits. The qubits are referred to by S[k, $1.
fork=1,2, ..., n.

inl-1:= $n = 33
kk = Range[$n];
SS = S[kk, $]

Out[e ]=

{S15 S2, S3}

The following example shows the three basic layers of quantum circuits for typical VQA; the initializa
tion, quantum operation, and measurement.

in[-1:= in = Ket[SS » {0, 0, 1}] - I *Ket[SS > {1, 1, 1}];
mm = Measurement [S[kk, 31713

in[-1:= qc = QuantumCircuit[

in, "Separator",

{Rotation[¢[1], S[1, 2]],
Rotation[¢[2], S[2, 1]],
Rotation[#[3], S[3, 311},

CNOT[S@{1, 2}, S[3]1,

"Separator",

mm,

"PortSize" » {2.1, 1}]

Out[e]=

c

y

|001>—i|111>

Ux
U, --

The initialization may be specified in further details.
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in[-]:= qc¢ = QuantumCircuit]
Ket[SS],
{Rotation[Pi /2, S[1, 1], S[3, 1]}, CNOT[S[1], S[2]1,
""Separator",
{Rotation[¢[1], S[1, 217,
Rotation[¢[2], S[2, 111,
Rotation[¢[3], S[3, 311},
CNOT[S@{1, 2}, S[3]1,
"Separator",

mm]
o a7
) &—uf+—7-
o) x w7

The VQA requires a step to calculate the expectation value of various physical quantities including
the Hamiltonian. In this particular example, we take the statistical average with a small number of
measurements.
in[-]:= Quiet[
data = Table[Elaborate[qc]; Readout[Measurementse@qc], {50}],

Measurement: :nonum
13 // EchoTiming

1.65784

in[-]:= avg = Mean[data]

Out[e]=
17 18 23
CRIE)
25 25 50

Single-Qubit Gates

The initialization layer is relatively simple, at least, conceptually.

For the quantum operations layer, one needs to know what operations are available for a given
guantum machine.

For the measurements layer, one has to figure out how to implement the measurement of the
physical quantities given that a quantum computer can directly measure only the Pauli Z operators
on individual qubits. However, the question is essentially the same as for the quantum operations
layer.

Therefore, we focus on the second layer here.

in[-1:= Let[Qubit, S]
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Pauli gates

inf-]:= pauli = S[Full]
Out[e]=
{SO, SX, SY’ SZ}

inl-1:= QuantumCircuit[Sequence @e pauli]
Out[+]=

— I HXHYHZ[

in[-]:-= PauliForm[pauli]
{I, X, VY, Z}

mn[-]:= RL =S[{4, 5}]
{$", s}

in[-]:= extra=S[{6, 7, 8, 9}]
{s", s°, sT, sF}

in[-1:= QuantumCircuit[Sequence @e extra]

—HHSHTHF—

in[-1:= MatrixForm/@Matrix[extra]
Out[e ]=

1 1
{ vz oz (1 0) 10 10 }
11 P le i)’ <) -
7z Wy 1 0 e 0 e
Rotations

m[-]:= Let[Real, ¢]
op = Rotation[¢, S[1, 1]]
out[«]=
Rotation[¢, SY]

in[-]:= QuantumCircuit[op]

Out[+]=

4uxi
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inl-1:= new = Elaborate[op]
PauliForm[new]

Out[+]=

Cos[j] i s Sﬁn[j]
Out[+]=

1cos|” | -ixsin|”|

in[-1:- Dagger[new] *xnew // Simplify
Out[e]=

in[-1:= Matrix[op] // ExpToTrig // MatrixForm
Out[+ ]//MatrixForm=

in[-1:= op = Rotation[¢, S[1, 2]]
Out[e]=
Rotation[¢, S|

in[-1:- QuantumCircuit[op]

Out[+]=

7Uy7

mn[-]:= new = Elaborate[op]
PauliForm[new]
Out[+]=
Cos{j] jSISin{j]
Out[s ]=
Teos| ] -1vsin[°)

in[-1:- Dagger[new] *x new // Simplify
Out[e]=

ni-i- Matrix[op] // ExpToTrig // MatrixForm
Out[+ ]//MatrixForm=

Cos[ij] 7S'in[i2’}

Sin[%] Cos[iﬁ

in[-1:= op = Rotation[¢, S[1, 3]]
Out[e]=
Rotation[¢, Si]
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inl[-1:= QuantumCircuit[op]

out[~]=
I UZ I
inl-1:= new = Elaborate[op]
PauliForm[new]
out[s]=
® ¢
Cos{fJ —JiSfS'in{fJ
2 2
out[~]=
¢ ¢
ICos{f} —jZSin[f}
2 2
in[-1:- Dagger[new] *xnew // Simplify
out[~]=

in[-1:= Matrix[op] // MatrixForm

Out[~ ]//MatrixForm=

i

e 2 0
L&
(0] e 2

Euler rotations

Ue({a, B, v}) = Uz(a) Uy(B) Uz(y)

in[-1:= op = EulerRotation[¢@{1, 2, 3}, S[1]]

Out[+]=
EulerRotation[{¢1, ¢2, ¢3}, Si1]

in[-1:= qcl = QuantumCircuit[op]
gc2 = QuantumCircuit[
Rotation[#[3], S[1, 3]1],
Rotation[¢#[2], S[1, 2]],
Rotation[¢[1], S[1, 3]]
1

Out[e]=

4UE*

Out[e]=

4UZMU}/MUZ*

nl-1:= qcl -qc2 // Elaborate

Out[e]=
0
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inl-1:= new = Elaborate[op]
out[~]=
Cos{%] Cos[i (¢>1+¢3)] jCos[i <¢17¢3)} s Sﬁn[%] +

i) S'in[d)zz] s-in{i (¢1_¢3)] —JiCos[d;z] St S'in{i (¢1+¢>3)]

in[-]:= PauliForm[new]

Out[s]=
ICOSV;Z] COS[; (61 +63) | jCos{; (61 - 63) ] YSw‘n[tﬂ "
JiXS'ianzz] smt (<z>1¢>3)]]1(:os[¢22] zsm[i (¢1+¢3)]

in[-1:- Dagger[new] xx new // Simplify
Out[+]=

in[-1:= Matrix[new] // MatrixForm

Out[+ ]//MatrixForm=

13 i0a-gd (@avda) | 1 Ji0a-5d (0ae0n) 1 cjiea-jddee;ids L1 g idie; ioae] i0s
2 2 2 2
. 1 1, 1, 1, 1 1, 1 PR 1,
1iez 1¢1-5 1¢a-5;1¢3 1 ie:z Té1+5 102-7 103 1e3 1 da+5 1 (01+03) +1e3 1 a2+ 1 (01+03)
2 2 2
Problems

1. Why are they called “rotations”?

2. Given a unitary matrix (operator) U, can you decompose it into a product of rotations?

Two-Qubit Gates

in[-]:= Let[Qubit, S]

CNOT (CX, Controlled-X)

in[-]:= op = CNOT[S[1], S[2]]
Out[e ]=
CNOT[{S1} » {1}, {S»}]

in[-]:= q¢ = QuantumCircuit[op]
out[~]=

e
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mnl-1:= new = Elaborate[qc]
new // PauliForm

Out[+]=

101 1 1
B I S A
2 2 2
Out[+]=
I®9I IeX Zel ZoX
+ + -
2 2 2 2

in[-1:= in = Basis[S@ {1, 2}]
Out[e]=

H@sl@sz>, ’051152>; ‘1sl®sz>: ‘151152”

in[-]:= out = op % 1in
Out[+]=

H@sl@sz>, ’@sllsz>, ‘lsllsz>, ‘151052”

in[-]:= Thread[in » out] // TableForm
Out[~]//TableForm=

CZ (Controlled-Z)

in[-]:= op = CZ[S[1], S[2]]
out[~]=

CZ[{S1}, {S2}]

in[-]:= g€ = QuantumCircuit[op]
Out[+]=

mn[-1:= new = Elaborate[qc]

new // PauliForm
Out[e ]=

Out[e ]=

IeI I®zZ Z®I1 Z®Z
+ + -

2 2 2 2
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in[-1:= in = Basis[Se {1, 2}]
Out[e]=

H@sl@sz>, ‘Osllsz>; ‘lslosz>; ‘1sllsz>}

in[-]:= out = Op *% 1in
Out[+]=

Hoslosz% ’051152>, ‘151052>a —llsllsz>}

in[-]:= Thread[in - out] // TableForm
Out[+]//TableForm=

’ 051052 - ‘ 051052>
’05115 - ‘ Osllsz>
’ 15105 e ‘ 151052>

’ 151 152 - - ‘ 151 152>

2

)
:)
)
)

in[-]:= qc = QuantumCircuit[CZ[S[1], S[2]1]1]
new = QuantumCircuit[S[2, 6], CNOT[S[1], S[2]], S[2, 6]]
Out[e]=

Oout[s]=

inl-1:= new-qc // Elaborate
out[~]=
0]

Controlled-Unitary Gates

in[-]1:= qc = QuantumCircuit[ControlledGate[S[1], Rotation[¢, S[2, 2]]]]
Out[e]=

— Uy —

Universal Set of Quantum Gates

in[-1:= Let[Qubit, S]
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inl-1:= $n = 23
kk = Range[$n];
SS = S[kk, $]
Out[+]=
{S1, Sa}
in[-]:= mat = RandomUnitary[Power[2, $n]];

mat // MatrixForm
Out[s ]//MatrixForm=
0.6591 - 0.160089 1 0.375249 +0.1313821 -0.246705+0.3519411 0.351712-0.2
0.154807 +0.18311 1 0.745781 - 0.1535741 0.0156201 -0.3547041i -0.462193+0.:
0.605769 -0.2680871 -0.314039+0.1858611 0.488427 -0.3190791 -0.121779+0.:
0.0911371 +0.1879651 -0.0901809-0.347643 i 0.102929 -0.5815911i 0.324045-0.6

in[-1:= op = Elaborate@ExpressionFor[mat, Se{1, 2}];
op // PauliForm

Out[e]=

(0.554338 -0.3109771) I®I+ (0.127802 +0.00068167 1) I®X -
.199922 + 0.00106654 1) I®Y + (0.0194256 +0.07139361i) I®Z-
.0483273 +0.0279913 1) X®I + (0.0361078 -0.0629773 1) X®X -
.0203923 +0.0172709 1) X®Y + (0.227859 +0.0699182 1) X®Z -
.279874 +0.3061211) Y®I + (0.24989 +0.1475591) Y®X -
.185317 +0.02144451) Y®Y - (0.0301401 + 0.1201161) Y®Z +
.148102 +0.154146 1) Z®I + (0.137227 +0.156564 1) Z®X +
.225786 +0.1112881i) Z®Y - (0.0627658 + 0.0746514 1) Z®Z

© 0 06 06 © © o
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in[-1:= twl = TwoLevelDecomposition[mat];
MatrixForm/@Matrix /e twl

Out[e]=

10 0 0
{ 01 0 0

0 0 1.+0.1 0 ’
00 0 -0.823834-0.566831 1
10 0 0
01 0 0
O 0 0.872117-0.3859611 0.261485-0.1485651 |’
O 0 -0.261485-0.1485651 0.872117 + 0.385961 i
1 0 0 0
0 -0.210674-0.249191 1 0.945262 0
0 -0.945262 -0.210674+0.2491911 0 |’
0 0 0 1
10 0 0
01 0 0
® 0 -0.957198 +0.04375541 ©.258899 -0.1217731 |’
O 0 -0.258899-0.1217731 -0.957198-0.0437554 1
0.6591 - 0.160089 i 0.734818 0 0

-0.734818 0.6591 +0.1600891 0 0

0 0 10/’
0 0 01

1 0 0 0
0 0.510669 +0.178795 i 0.840981 0
0 -0.840981 0.510669 - 0.1787951 0 |’
0 0 0 1
10 0 0
01 0 0 }
O 0 -0.399219+0.5695121 0.569143 - 0.438583 1
® 0 -0.569143-0.4385831 -0.399219-0.569512 i

in[-]:= gates = FromTwoLevelU[#, SS] & /@ twl;

in[-1:= qc = QuantumCircuit[Sequence @@ Reverse[Flattenegates]]
Out[e]=

4R 4R 4R 4R
N N N N

C —eo

C e

C —=<
C —eo

C e

C e
C e

Problems

1. Given a unitary matrix (operator) U on more than one qubit, can you decompose it into a product

of elementary gates?
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Summary

Keywords

= Single-qubit gates

m Rotation, Euler rotation

= Two-qubit gates

m CNOT, Controlled-unitary gates

Related Links

m Q3 Tutorial: Single-Qubit Gates
m Q3 Tutorial: Two-Qubit Gates

m A Quantum Workbook (Springer, 2022), Chapter 2.
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