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In this work we study quantum phase transitions and persistent currents in capacitively coupled one-
dimensional Josephson-junction arrays. We will focus particularly on the roles of excitonlike pairs in the
strong-coupling limit in the presence of external gate charges and magnetic fluxes. We use the numerical
density-matrix renormalization group method for the study in the full range of values of gate charge and
magnetic flux. To clarify the various effects, we report the pair correlation functions and exciton densities as
well as the persistent current.
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[. INTRODUCTION first demonstrated on capacitively coupled normal-metal tun-
neling junction$®*3 and later on superconducting junction
Systems of Josephson junctions between small supercoasrays**° In the presence of gate voltage applied between
ducting grains have been attracting considerable interest fdhe electrode islands and substrate, the particle-hole symme-
more than two decades. One of the main attractive features tsy is broken and the particle-hole pair no longer makes the
that they exhibit manifestations of various phenomena in difowest charging-energy configuration. For example, when
verse fields of condensed-matter physics. A popular examplihe particle-hole symmetry is broken maximallgorre-
in contemporary mesoscopic physics is the Coulombsponding to the gate charge given by one-half of the elemen-
blockade effect and single-chargelectron or Cooper pair tary charge 2), the transport is governed by cotunneling of
tunneling? Persistent current, another hot topic in mesos-particle-void pairgwith the void denoting the absence of any
copic physics, can also be embodied in Josephson-junctioexcess or deficit Cooper pai It is noted that these
systems. Since the superconducting coherence is easiparticle-hole pairs or particle-void pairs are reminiscent of
maintained over a macroscopic length scale, a “necklace” oexcitons—i.e., bound states of a band electron and a hole—in
Josephson junctioné.e., a one-dimensional periodic array solids. In the previous work! quantum phase transitions in-
of Josephson junctionsnay be a good testbed for persistent duced by the cotunneling of particle-hole pairs and particle-
currents® Moreover, charge fluctuations present in such sysvoid pairs near the particle-hole symmetry line and maximal-
tems may induce quantum phase transitibifsproviding a  frustration line, respectively, have been studied by means of
prototype model for the noble many-body phenomena irperturbative methods. However, the properties of the trans-
strongly correlated electron systefh&nother important and  port or phase transitions in between have not been studied.
appealing feature of the systems is the experimental tunabil- The effects of an external magnetic flux threading the
ity: They not only make mesoscopic devices on their %n loop of a ladder of two capacitively coupled Josephson-
but also allow us to test and understand otherwise very subtiginction necklacesCCJJIN'9 (see Fig. 1 are even more so-
points of interacting many-particle systemwhich is impor-  phisticated since the objects involved in the persistent cur-
tant from a fundamental point of view. rent are not single charges. Unlike most studies of the
Here we consider a particular geometry of Josephsonpersistent curreror, equivalently, the underlying Aharonov-
junction systems: a ladder of two capacitively coupled oneBohm (AB) effect], which focus on single-charged particles,
dimensional (1D) Josephson-junction arrays. In the recent researches into a nanostructure with nonsimply con-
Coulomb-blockade regime, a single charge cannot tunnalected geometry have demonstrafetiat excitons can con-
across the junction since it is energetically unfavorabletribute to persistent currents, in spite of their charge neutral-
Transport is therefore dominated by more complex elemenity. The nonvanishing persistent currents in the system is
tary processes that involve several charge-tunneling eventattributed to the finite probability of breaking and recombi-
For the particular type of coupling through large interarraynation of an exciton via intermediate single-particle and
capacitances, the relevant elementary process in the absenbt®le states. It is thus quite intriguing to investigate persis-
of the gate charge consists of cotunneling of bound pairs ofent currents in CCJJIN’s, where cotunneling of the particles
excess and deficit charges, which we call “particlésXcess and holes of Cooper pairs dominates the transport phenom-
charges and “holes” (deficit chargek respectively! It was  ena. Additional advantage of the CCJJIN’s is that the particle-
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intermediate-coupling regime is also interesting and more
feasible experimentalf}? Unfortunately, however, a numeri-
cal DMRG study in this case is beyond current computing
power, requiring far more memory than available. We thus
leave the intermediate region for future study.

The remaining part of this paper is organized as follows:
In Sec. Il we first describe the model Hamiltonians and dis-
cuss qualitatively the relevant low-energy charge states.
Quantum phase transitions in a single Josephson-junction
necklace and capacitively coupled Josephson-junction neck-
laces are examined in Sec. Ill. Section IV is devoted to the
investigation of the persistent currents in the system, reveal-
ing the AB effect of excitons. Finally, we summarize the
main results in Sec. V.

Il. MODEL

We consider two 1D periodic arrays, which we aadick-
laces of N superconducting grains as shown in Fig. 1. Any
two nearest-neighboring grains on one necklace form a Jo-
sephson junction of coupling strend®j. The two necklaces
are coupled with each other via capacita@;ebetween cor-
responding grains to form a “ladder.” Uniform gate voltage
_\/gJ is _applied to each grain through its self-_capacita@@e
inducing gate charg®=CyV, on each grain. For conve-
nience, we measure the charge in units efahd write Q
=2eny. In addition, a transverse magnetic flux threads each

FIG. 1. Schematic diagrams ) a single Josephson-junction Necklace. Such a system is described by the Hamiltonian
necklace(from above and (b) two capacitively coupled necklaces
(from the diagonal direction In (b) each thick ring represents the —oa2 | -1 I
single necklace depicted i@). H=2¢? 3, [ NglCocirr LMo =Nl

Ix,1"x"

hole or particle-void pairs are stable while the excitons in —E;>, cogp— . 1 —A), (1)
semiconductor nanorings usually have a finite and short life- Ix

time. Notice further that the CCJJIN’s are already within the | ,
reach of experimental realizatioh. where the numben, of Cooper pairs and the phagé of the

In this work we study quantum phase transitions and perSUPerconducting order parameter at si thel th necklace
sistent currents in a ladder of CCJIN's. We focus particularhf! = 1*2,) are quantum mechanically conjugate variables:
on the roles of “excitons” in the presence of the charge[n'x,d>'x,]=i6,,|,5xlxr. The bond angléA, is given by the
frustration due to an external gate voltage and the magnetige integral of the vector potentia introduced by the ap-
frustration due to an external magnetic flux threading theplied magnetic field:
necklaces. We use the numerical density-matrix renormaliza-
tion group(DMRG) method® to probe the full ranges of gate 21 [x+1 2af
charge and magnetic flux. Although we are mainly interested Aﬁgf di-A=—- 2
in the strong-coupling limit, we will consider for comparison 07X
both the two limiting cases: decoupled and strongly coupleqyhere f denotes the total flux in units of the flux quantum
cases. In the limit of Strong Coupling, we |dent|fy two differ- (.I)Ozzwﬁche_ Assuming that junction Capacitances are

ent superfluid phases, characterized by condensation of gipgligible, we write the capacitance mati®, .., in the
ther particle-hole pairs or particle-void pairs, depending orfgrm® '

the gate charge. In order to disclose the properties of the

superfluid phases and the formation of excitons explicitly, we Citx=[Co8 11 +C1(28, ;1 —1)]8, x =Cy1 1 8 r . (3)
measure the pair correlation function and exciton density. ’ ' ’ ’ ’

The behavior of the persistent current calculated for smaland also define charging energy scaligs=e?/2C, and E,
systems reveals the transport via the separation and recore?/2C,, associated with the corresponding capacitances.
bination process for small Josephson energies. At larger JdNotice, that whemy=0 the Hamiltonian in Eq(1), is sym-
sephson energies, however, the transport is governed by raetric with respect to the particlelikexcess Cooper pajrs
mixing of low-lying charge states with higher-energy states.excitations and holelikédeficit pairg3 ones. On the other
Finally, we propose an experimentally realizable system tdand, charges on each grain are maximally frustrated when
demonstrate the cotunneling process of excitons. Theg=1/2. For later use, we thus name the lines corresponding
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to ng=0 andny=1/2 the particle-hole symmetry line and - — 0 —
maximal-frustration line, respectively, in the phase diagram. | —— — — ; ; :
For the DMRG analysis, we represent the Hamiltonian in : o : 5
Eqg. (1) in the boson number basis. Based on the commuta-
tion relation between the numbe} and phasep, we iden-
tify the boson creation operatd, at sitex on necklaced R
-l ~ + —8—
with € ?x. In terms of the boson operators, we thus obtain the . .
Bose-Hubbard Hamiltonian %) —— 5 5
R
8EO | =11’ T |
Hegn=—o— >, N,CoC,,, Ny —8Eq(Ng+ n>, n,
2 i Ix —— —o—
| _ ; :
E . ! i
— =3 (e ZMNpllpl, ,+H.0), (@) - e
2n Ix —
0| — s

wheren is the average boson number per site. Note that in
the quantum phase model the Josephson energy term is in- . .
dependent of the number fluctuations, while the correspond- FIG. 2. Energy levels of the charging energy part in &j.and

ing (hopping term is not in the Bose-Hubbard model. To corr_espondl_ng charge cor_lflguratlons near t_he particle-hole symme-
alleviate the effects of number fluctuations in the Bosel'Y line. Solid and open circles denote particles and holes, respec-

Hubbard model, we consider the case that the average bos§}e"; Paired (upper and lower solid lines represent the two

— L 9 . coupled arrays, the couplings between which are illustrated by the
numbern per site is large.” Throughout this study we set dashed lines. The low-lying energy levels satisfyijg=0 are well

to be 10 000 ) ) separated by a large amount of enefgy the order ofEg) from
Capacitive coupling between necklaces drastically affectggse withn;” 0.

the low-lying charge excitations, especially in the strong-

coupling regime. To examine the charge configurations in the . ) N

low-lying states, it is convenient to rewrite the charging en-figurations should satisfy the conditiorf =0 for all x. Un-

ergy part in the Hamiltoniai4): like the former case, the ground state of the charging energy
is nondegenerate and forms a Mott insulator characterized by
Nn1x=N,,=0 for all x. As E; is turned on, the ground state is

R —

HBH=uo§ (n:—2ng>2+vo§ (ny)?

——= > (e ?MNpTbl . +H.0), (5) U, | — —

o

where we have defined new energy scadlgs=2E, andV,
=2E,/(1+2C,/Cy) and charge variables, =(n;,—n)
*(nyx—n). Note thatn, represents the total number of
(excesy Cooper pairs on theth rung of the ladder. In the
regime of concern @¢,>C,, i.e., E;<Ey), we haveU,
>V, andUy>E;, and the charge configurations satisfying
n, — 2ny=0 are thus strongly favored. In such a charge con-
figuration n, /2 corresponds to the number of excitons
(particle-hole or particle-void pairs; see below

The representation in E¢) of the Hamiltonian allows us
to distinguish clearly the two interesting regions from each
other: near the particle-hole symmetry ling,&0) and near 9V
the maximal-frustration liner(yj=1/2), as one can observe 0
from the energy spectra of the charging energy part illus-
trated in Figs. 2 and 3 for the two regimes, respectively. Near
the maximal-frustration line, the charge configurations that
do not satisfy the conditiom; =1 (for all x) have a huge Vo —_ —
excitation gap of the order d&,. Furthermore, the ground
states of the charging energy part, separated from the excited
states by a gap of the order Bf, have twofold degeneracy  FiG. 3. Energy levels and corresponding charge configurations
for eachx, corresponding tm, =+ 1. Near the particle-hole near the maximal-frustration line. Note that the ground state is two-
symmetry line, on the other hand, low-energy charge confold degenerate per site.

))
[({
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—o
+
.
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mixed with the states witm, = =2. In the intermediate re- 0.5 W
gion (0<ny<1/2), these two kinds of energy spectra are
interleaved to form a complex shape of the energy levels. 0.4+ '\\
03 m SF
IIl. QUANTUM PHASE TRANSITIONS &
The competition between charge order and phase coher- 027 ‘
ence gives rise to quantum fluctuations and quantum phase MI
transitions at zero temperature. For large charging energy 01y .
(Eo>E;), the bosons become localized and the system is in 0 "‘\ _______ -

the Mott insulator phase with integer density. On the con- 0 0'_2 0'_4 0.6 0.8 1
trary, for large hopping energy or Josephson energy (
>E,), coherence of the phasés dominates over the sys-
tem and a superfluidSF) region with delocalized bosons is FIG. 4. Phase diagram for a single 1D Josephson array. The
observed. The properties and universality classes of thghase boundary separates the Mott insulétin with zero excess
phase transitions, however, depend strongly on the couplingooper pair density from the superfluid phdS&). The Josephson
strength C,/C, as well as the chemical potentigk energyE; is expressed in units off, and the error bars in thg,
ESEO(ng—'—F)- The charge frustration, may be restricted Qiregtion (for given_ng) are smaller than the square symbols. The
to the rangd 1,1/2] since the Hamiltonian in Eq5) is pe-  lin€ is merely a guide to the eye.
riodic in ng with period unity and has reflection symmetry
about theng=1 (or any integer line. In the following we  be less than 6 and the discarded weight is set to be less than
investigate two limiting cases: the decoupled cage=<(0) 10 ®, giving rise to negligible errors in the gap enef§The
and the strongly coupled on€(>Cy). magnetic frustratiorf is set equal to zero because it can be
gauged away and becomes irrelevant in the thermodynamic
limit.

Figure 4 displays the resulting phase diagram for the

The phase transition in a single Josephson-junction arragjuantum phase model on thg-ny plane in the range 0
has been studied quite extensively and it has been found thaings 1/2 and G<E;<8E,. For convenience, here and in
its nature depends crucially on the gate voltage. In the presgll subsequent figures, the energy is expressed in units of
ence of nonzero gate voltage*0), the density of the 8E,. The phase diagram, where the Mott insulator region
system changes as the phase boundary is crossed from @jth zero excess boson density is separated from the com-
incompressible insulator to a compressible superfluid. Thgressible superfluid, is in good agreement with those ob-
transition can thus be located at the point where in the thefained via the perturbative expanstbrand the quantum
modynamic limit the density of the ground state becomesvionte Carlo method? On the particle-hole symmetry line
different from one of the insulator ground state as the Jothe quantum phase model is mapped exactly to the
sephson energy is increased. On the other hand, in thel +1)-dimensionalXY model, predicting a Beresenskii-
particle-hole symmetry linen;=0), the density remains an Kousterlitz-Thouless(BKT) transitiorf® driven purely by
integer at the phase transition. Therefore, in this case thghase fluctuations. The sharp-pointed shape of the insulating
phase boundary is determined by the single-particle excitaregion near the symmetry line reflects the slowness in clos-
tion gap. This is possible because in the superfluid phase thag the energy gap in the BKT transitiéfIn case that the
ground state is a superposition of states with different bosoparticle-hole symmetry is brokefaway from the symmetry
numbers; the energy gap between the ground state and stalgfe), no such slowness is found and the commensurate-
with additional particles, which is finite in the insulating incommensurate transition belongs to a universality class

phase, vanishes in the superfluid phase. other than that of theXY model, with different critical
Since the Hamiltonian conserves total charge number, thexponent®’ and RG characteristicé.

DMRG algorithm can be set up to target states with given
total excess numbevl of bosons. We thus obtain the phase
diagram of the system by comparing energies of the ground
states with different boson numbers: the endegy. o of the In the strong-coupling limit, the low-energy charging
insulator ground state with zero excess boson dengity)(  states relevant to the phase transition are the the particle-hole
=n) and the energyE,,_, of the eigenstate with an addi- pairs(with nj =0 andn, ==2) and the particle-void pairs
tional particle upon the ground state. Through the linear ex¢with n; =1 andn,==1). For small hopping strength,
trapolation of the energy gapy-1— Ey =, for finite system these excitons are localized and the system is in the Mott
sizeN=64,128, and 256, we have estimated the gap in thénsulator phase. A<€; increases, the phase boundary is
thermodynamic limit and located the phase boundary at therossed from the insulator to the superfluid which, in this
point where the gap is zero. For high numerical accuracy andase, originates from condensation of the excitons. Accord-
access to large systems, the finite-size DMRG algorithm anthgly, as in the case of a single Josephson-junction necklace,
open boundary conditions have been used. During théhe transition can be located as one tracks the energy taken to
DMRG process, the boson number at each site is truncated tmd an exciton to the insulator: At the phase boundary this

A. Single Josephson-junction necklace

B. Strongly coupled Josephson-junction necklaces
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® E; FIG. 6. Phase diagrams for strongly coupled 1D Josephson ar-

rays for (a) C,/Cy,=100 and(b) C,/Cy,=200. Displayed are the
phase boundaries between the Mott insuldtdi) phase and the
superfluid phase (ESand ES). Regions Eg and ES in the su-
perfluid phase are distinguished by the dominant transport mecha-
nism (see the text The transitions across the boundaries indicated
by solid and open symbols are driven by the particle-hole pairs and
particle-void pairs, respectively. The lines are merely guides to the

FIG. 5. Energy gap$a) E(;_1)—E(o and (b) E;,0—E(,0)-
Both are taken foiC,/Cy,=100 at the system siz=32. Each
symbol corresponds to a different value of charge frustratian:
ng=0 (0), 0.1 (©), 0.2 (A), and 0.24 ©); (b) ng=0.14 ),
0.16 (@), 0.18 (©), 0.2 (@), 0.22 (A), and 0.24 A). The ener-
gies on both axes are expressed in units B§ 8

energy vanishes in the thermodynamic limit. Which kind ofeye'

gxciton between the particle-hole pair and particle-void Paikhat the excitation energi; 1)~ E (o) for different charge
is relevant depends on the charge frustratign Near the  frystrations collapses into one curve, which also happens at
particle-hole symmetry lineng~0), the particle-hole pairs other system sizes. This indicates that the critical Josephson
are energetically favorable and govern the phase transitionergy at the transition driven by particle-hole pairs does not
As nq is increased and in the presence of Josephson tunne&epend onng. On the other hand, the energy g&p, )
ing, in contrast, the particle-void pairs begin to be dominant_ E (0.0 decreases almost linearly with the increase@x’ahd
faster than the particle-hole pairs, which will be shown be—EJ, as shown in Fig. ®). The largem, is, the smaller the
low. . Josephson enerdy; at which the energy gap vanishes be-
In the DMRG procedure we have associated the targetomes. Fom,=0.14, the critical value of, become even
state with a pair of toFe}I excess boson numbas (M) On  |ess than that for the particle-hole pairs.
the two arrays by utilizing boson number conservation. In  The resulting phase diagrams for strongly coupled arrays
order to locate the phase boundary, we have calculated thgiih C,/C,=100 and 200 are exhibited in Figs(ap and
energyEqu, ,m, Of three kinds of eigenstate: the insulator g(p), respectively. Based on the dominant transport mecha-
ground state withl,,M,)=(0,0) and the states with addi- nism, one can distinguish three regions in the superfluid
tional particle-hole and particle-void pairs upon the groundphase: ES, ES,, and SFUB. In region ESthe transport is
state, labeled byNl;,M;)=(1,—1) and (1,0), respectively. driven mainly by the excitons of particle-hole pairs; in,BS
We have extrapolated the energy gapg 1)—Eoo and s driven by particle-void pairs. In region SFUB, on the other
E(1,0~ E(o,) for finite system sizeN=16, 32, and 64 to hand, single-particle processes dominate the transport in the
locate the transition points where the gaps vanish in the thesystem. Such a superfluid of unpaired bos@®EUB) is to
modynamic limit. As in the case of a single Josephson neckbe observed & ;/8E,~ 1, far to the right from regions ES
lace, we have employed the finite-size DMRG algorithm,and ES, and not shown in the phase diagram given by Fig.
imposing open boundary conditions. 6. We note that different transport mechanisms take over
Figure 5 shows the energy gaps as functions of the Jadominant roles gradually as the control parameters are
sephson energy at various charge frustrations in the systeshanged. Therefore, regions £8hd ES in Fig. 6 should not
with C,/Cy=100 andN=32. From Fig. %a) we observe correspond to truly distinct phases.
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Previous studies of the mapping of the system at the
particle-hold symmetry line to a (£1)-dimensional system
of classical vorticeS*?insisted that the system is effectively
described by a two-dimensionXlY model and exhibits a
BKT transition at the critical Josephson enerBy/8E|.
=4K3,1(1+1+2C,/Cy) "2~2K3,+(Co/C)),  where
Kgk7~0.748 is the critical coupling strength for the standard 1t .
XY model. Our data, though being unable to discern nature “m
of the transition, show that the critical Josephson energy is L
inversely proportional to/C,/C, instead ofC,/C,, appar- 15 ‘ . . .
ently favoring against the BKT transition. This result is quite 0 005 01 015 02 025
reasonable in view of the fact that the cotunneling process of (@) E;
particle-hole pairs via an intermediate virtual state happens
with probability proportional to E3/E.E,, leading to 0
E;/Eg|c*VC,/Cq. In addition, the nonzero charge frustra-
tion does not change the properties of the phase transition @F@“@"@x\
abruptly, in contrast to the case of a single array. Instead, the 05 L @*Q\@
transition point as well as the qualitative properties is pre-

Cpan
-/,

served up tag~0.135 forC, /Cy= 100 and tmy~0.165 for Qi
C,/Cy=200; there is no increase in the critical valueEf 1
as predicted in Ref. 14. Since our model neglects the junc-
tion capacitance on each necklace, for
L1 1 ) -1.5 : : : : =
>ni=— |1+ ———— 0 0.05 0.1 0.15 0.2 0.25
=Ny =711 133¢,7¢, )" ® ” .
i

each site has twofold-degenerate ground statés=(1 and . )
_ . . FIG. 7. Pair correlatiorC ,,;, vs the Josephson enerdg For
n, =*1) of the charging energy. Accordingly, the Joseph- . L pair . !

. . nyg=0, the pair correlation functions in the insulator ground state
son gnergy of any s.trength brings apout charge quctuaFlong’pen symbolsand in the state with one particle-hole pair added
to drive the system into the superflwd_ phase.*lndeed Fig. pon the ground statésolid symbol3 are plotted.(b) shows the
shows that the MI phase ceases to existrfgr-ng , regard-  correlations in the ground state in the presence of the gate voltage
less of E;. With nonzero junction capacitance, the degen-ng:o_z (@), 0.3 (©), 0.4 (A), and 0.5 §). Here we set
eracy is expected to be broken, generating another insulating, /C,= 100 and the system si2¢=8, and lines are guides to the
phase: the charge-density-wa@DW) phase. A perturbative eye.
study** has found that as the Josephson energy is increased , )
the system goes from the CDW insulator to the Luttinger"OPPiNg strength makes more excitons come into the system.
liquid phase. For .ng=0 [see Fig. _'(a)], the two pair correlation

To witness the activity of the excitons in the phase tranfunctions—one for the insulator ground state and the other

sition, we have measured the pair correlation function defor the state with an additional particle-hole pair—approach
fined to be each other and collapse Bt/8E,=0.07, giving further evi-

dence for the condensation of excitons. Rg=0.2, the cor-
1 L L ) 5 relation changes abruptly at the phase transition, as shown in
Cpair=1y ; ((Nx= (M) (N=(n))) (") Fig. 7(b). Forny=0.3, we haveC,,;,~ —1/4 for small val-
ues of E;, which reflects the contribution of particle-void
together with the exciton densifj, of the particle-hole pairs pairs. Although the correlations for,=0.3 become similar

andP..; of the particle-void pairs: at large values of;, they do not coincide at intermediate
values, implying a difference in the history of pair genera-
1 tion.
Po=N EX: {Ontn2,0™ Ont0dn20). ®) The behavior of the exciton density wiy, displayed in

Fig. 8, manifests more clearly the formation of excitons. The
particle-hole pair density?, grows withE; [see Fig. &)],
> (Snlin2 ) (NT#0). (99 except for the case afi;=0 and largeE;. On the other
X - hand, Fig. 8) shows that the density, of the particle-void
The pair correlation function assumes zero if there is no corpairs with ny+n2=1 has two kinds of tendencies: Fag
relation between the boson numbers on the two arrays; ein;‘ the densityP, increases withE;; otherwise, it de-
particle-hole or particle-void pair at every site on the averagereases. The steep changes in both denditjeand P, hap-
contributes toC,,;; by —1 or —1/4. pen when the total excess boson numitder M |+ M, of the
Figure 7 shows that the pair correlation is negative andyround state is altered. Such behaviorsPgfand P, reveal
monotonically decreases witfy, which indicates that larger that more than one kind of excitons proliferates in the system

Pn+

Zl -
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(a) f
1 ooy
—— -0.418
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______________ -~ 1-0419 X
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0 = . . .
0 0.05 0.1 0.15 0.2 0.25
®) E, 0 N8 e [.042
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FIG. 8. Exciton densitiesa) P, and (b) P, vs the Josephson () f

energy for gate voltage,=0 (), 0.2 (W), 0.3 (O), 0.4 (@),
and 0.5 (\). Other parameters are the same as those in Fig. 7. The FIG. 9. Persistent curreritand ground-state enerdy as func-
pairs of numbersNl,,M,) represent the total excess boson num-tions of the fluxf in (a) the insulating phaseH;/8E,= 0.64) andb)
bers of the ground state at given parameters. the superfluid phaseE(;/8E,= 1) along the particle-hole symmetry
line (ng=0).

asE; is increased beyond its critical value. With large,
the kinetic energy gain due to the Josephson tunneling termescribes the gauge-invariant phase correlation function be-
compensates for the charging energy gap between differemlveen nearest-neighboring grains. Since the current is peri-
kinds of excitons. odic inf with period unity and an odd function of the fldix

We close this section with a comment about the pair corit is sufficient to calculate the current in the rande
relation in the limitE,;/8Ey> 1, which is beyond our current <[0,1/2]. As in the previous section, we focus on two ex-
computational power. Our data show no indication of thetreme cases: the decoupled casg £0) and strongly
decrease of the pair correlation with; raised. However, coupled one C,/Cy>1).
when the Josephson energy is large enough for the single
processes of unpaired particles to prevail, the pair correlation

. A. Single Josephson-junction necklace
may eventually approach zero again.

We have calculated the persistent current in a finite-size
IV. PERSISTENT CURRENT system N=40) under periodic boundary conditions. The
persistent current is evaluated in the ground state—namely,
In this section we consider the persistent current along théhe lowest-energy state—which is found by varying the total
necklaces, induced by the threading external magnetic fieldsxcess boson numbét at givenng andE,, and expressed
Since tunneling of Cooper pairs between necklaces is ndh units of eE;/N# in all subsequent figures. Figure$ap
permitted, the persistent current carried by each necklace ind gb) show the dependence of the persistent curfent
given by the derivative of the energy with respect to theunits ofeE;/N#) and of the ground-state energy units of
magnetic fluxf (Ref. 3 8E,) on the fluxf in both the insulating phase and superfluid
phase, respectively, without the gate chargg=0). For
. e [JH\| BEJ_l ~2nitINp T 10 small E;, the current depends sinusoidally fnwhereas it
" oan \ of |_ " NAN m(e xBxe1)y (10 pas 4 sawtooth shape in the superfluid phase. Such behavior
of the persistent current is well known in the two extreme
which is simply the supercurrent through the Josephson jun@ne-dimensional electron models: In the tight-binding model
tions. The current in the system is thus given by the imagiwith the lattice potential energy dominant over the kinetic
nary part of(exp[i(d;i(— ¢'x+1—AX)]>, the real part of which energy, the single-particle energy is given by a cosine func-
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FIG. 11. Persistent current vs the Josephson energy for various
gate voltages. In each case the current, scaled in ung&pfN7,

gf (llgl g makes clear the contribution of the correlations between nearest-
= 1
E=144 A

neighboring grains. All the currents are calculated atl/4.

We exhibit the dependence of the persistent current on the
Josephson energy && 1/4 and various gate voltages in Fig.
11. The persistent current scaledByis negligibly small in
the insulating region, then rises rapidly near the transition
point, and increases only marginally in the superfluid phase.

s For ng=0, the current shows finite-size effects, gradually
0 , , , increasing quite before the transition point. On the contrary,
g 16 24 32 40 in the presence of nonzero gate voltage, the current increases
®) N very sharply at. the phase boundary even in the small-size
system, which is attributed to the abrupt change in the total

FIG. 10. Persistent currertvs the system siz& in (@) the ~ boson number or the density of the ground state at the tran-
insulating phas¢E;=0.25 @), 0.36 @), and 0.49 &) in units  sition point. Deep in the superfluid phase, on the other hand,
of 8E,] and (b) the superfluid phasgE;=0.81 (0J), 1 (O), and  the persistent current becomes independent of the gate volt-
1.44 (A) in units of 8] along the particle-hole symmetry line age.
(ng=0). Solid and dotted lines represent the exponential function
ae PN and the algebraic functioty N, respectively, where the con-
stantsa, b, andc are obtained via a fitting algorithm.

B. Strongly coupled Josephson-junction necklaces

From the observation in Sec. Il B, it is evident that in the
tion of the fluxf, giving rise to a sinusoidal dependence of strong-coupling limit the excitons such as particle-hole and
the current orf. On the other hand, the free-electron modelparticle-void pairs play dominant roles in the transport. In
on a ring, where the energy is quadraticfjrnas the persis- the picture of the lowest-order cotunneling processes illus-
tent current linear irf and of sawtooth shape. In our model trated in Fig. 12, however, such pairs are tightly bound
Cooper pairs take the role of the electrons and in analogy wthroughout the transport process. Accordingly, the current in-
infer that the sawtooth dependence in the persistent currediced in one necklace is accompanied by the secondary cur-
indicates the emergence of the superconductivity over theent in the other necklace, with the same magnitude but in
system, where the Cooper pairs can freely move around. Otihe opposite directiof! On the other hand, in response to the
data for the dependence of the current on the system sizgjagnetic flux, the charges in an excitonic pair tend to move
shown in Fig. 10, also lead to the same interpretation: In thén opposite directions since their signs are opposgiéh
insulating phase the bosons are localized at sites so that ttiespect to the offset chargg). Therefore the current mirror
probability for a boson to circle around the ring and to returneffect competes with the influence of the magnetic flux.
to its starting position is proportional ', wheret is the Indeed, for small values of the Josephson energy
hopping probability between nearest neighbors. This gives &E3/8E,=0.07), the persistent current is quite negligible
current decaying exponentially with system si¢g¢see Fig. both on the particle-hole symmetry linef=0) and on the
10(a)]. On the other hand, in the superfluid phase the wavenaximal-frustration line ifg=1/2) (see Fig. 13 The small
function of the boson is extended and the hopping probabilbut still nonzero amount of persistent current is induced via
ity over the system does not depend on the system sizdigher-order tunneling processes. Namely, the charges in an
Instead, since the energy itself is quadratic in the system sizexcitonic pair break up, run down the circumferences in the
the persistent current follows a power law with respect to theopposite directions, and recombine. Contributions from these
system size, as shown in Fig. (b). Hence our data for the processes are observable only in a system with a small num-
persistent current are fully consistent with the phase transiber of sites N=8 for the data in Fig. 18 In other words, the
tion explained in Sec. Il A. current mirror effect wins the competition. It is distinguished

144506-8



QUANTUM PHASE TRANSITIONS AND PERSISTEN. .. PHYSICAL REVIEW B 68, 144506 (2003

—:—?— 0.06
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b b =~
: : | | 0.02 |
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(a)
——e— Y
! 5 0 005 01 015 02 025
: i E;
—— A —&— FIG. 14. Persistent current vs the Josephson energy on the
! ! ! ! particle-hole symmetry linen;=0) in the strongly coupled system
i l E i with the coupling capacitandg, /Co=100 ([J) and 200 Q).
_I—‘_ _‘—I_
(b) not opposite now. In short, magnetic frustration wins the

. . competition with the current mirror effect. It is also interest-
FIG. 12. Typical cotunneling processes relevéat near the . . _
particle-hole symmetry line an¢b) near the maximal-frustration ing that the persistent currents f05_0 (D) and 1/2 (1) i
line. Such cotunneling results in current mirror effects. are almost the same. In fact, the densities of charge excita-
tions which do not satisfy the lowest-charging-energy condi-
tion are nearly the same for the two cases since the charging

from the behavior of the persistent current in a single I
Josephson-junction necklace, where fo=0 the current energy costs for such excitations amount to the same energy

increases rapidly near the transition point and any strength dfo in both cases. ,

the Josephson energy induces rather large persistent currentNOte also that unlike these two cases the persistent current
for ng=0.5 (see Fig. 11, demonstrating the action of a dif- for ng=0.2 (Q) increases sharply at the transition point and
ferent kind of charge fluctuations in the coupled system. Pecomes quite larger than the one fige=0 or 1/2. Interme-

For larger values of the Josephson enerds,/8E, dlgte values of qharge frustratlc(m_ thg superﬂwd phage
=0.07), however, a considerable amount of persistent cuf?ring about a variety of charge excitations in the presence of
rent flows through the system and increases \Eih It can ~ (he Josephson energy and diminish the energy gap between
be explained by the generation of excitations with higheitN® charge excitations, giving rise to a reduction of the cur-
charging energies in the presence of the Josephson energ§nt mirror effect and favoring independent single-charge
As observed in Fig. 8, with the increased Josephson energlfansport.

more of the charge states that do not satigfy=0 (near the i Fr:?lure 1::] showsl_ that the _tper5|st_ent _Cur(;ené mt(r:]reases
particle-hole symmetry lineor n; =1 (near the maximal- SUgNTy as the coupling capacitance IS raised. n the one

frustration ling are now mixed with the lowest-charging- hand, a larger value of the coupling capacitance reduces the

energy states. These excitations can carry a finite amount zwest excitation energy-{E,) and makes the excitons pro-

; . : : . _liferate more in the system, thus increasing the persistent
persistent current since the signs of the charges in a pair arcurrent due to the excitons. On the other hand, breaking of

the excitons, which is crucial for inducing the persistent cur-
rent, costs higher energy—(E,). These conflicting trends
result in a slight increase in the regime of our interdsg (
>E)).
0.04 1 The dependence of the current on the system size also
supports our scheme for the role of the excitons in the per-
-~ sistent current. Figure 15 shows that, similarly to the case of
0.02 b | a single necklace, in the insulating phase the current decays
exponentially with system size and decreases inversely to the
system size deep in the superfluid phase. Near the transition
e o : . . point on the side of the superfluid pha&s E/8E,=0.08
= (TOS 0.1 015 02 025 and 0.125), however, the current does display exponential
E dependence on the system size, which indicates that spatially
! localized objects participate in the generation of the current.
FIG. 13. Persistent curret, (along one necklagevs the Jo- It is another piece of evidence for the virtual processes of
sephson energl; in the strongly coupled system of sike=8, for unpaired charges or higher-order excitons in the region
f=1/4 and gate voltaga,=0 (), 0.2 (O), and 0.5 (). Lines ~ where the low-lying excitons themselves are delocalized
are merely guides to the eye. over the system.

0.06

08
0
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10-9 0 0.05 0.1 0.15 0.2 0.25
8 14 20 (a E,
(@) N
0.06
0.06
0.04
~N
o 002
0
-0.02 : : : :
0 005 01 015 02 025
0 — C) E;
8 14 20
(b) N FIG. 17. Persistent currents (solid lines with solid symbo)s

and |, (dotted lines with solid symbolswhen the magnetic field
FIG. 15. Persistent current versus the system size on théhreads only the firsti& 1) necklace. The currents are calculated
particle-hole symmetry linen=0) for different values of the Jo- for the gate voltagen,= (a) O (M), 0.5 (A); (b) 0.2 (@). For
sephson energlf;= (a) 0.045 (A), 0.08 (@), and 0.125 &A); (b) comparison, the persistent currents when both the necklaces are
0.125 (A), 0.18 (V), and 0.245 ¢ ) (again in units of &g). The  threaded by the magnetic fieldee Fig. 1Bare also plotted, repre-
fitting curves are the same as those given in Fig. 10. sented by the corresponding open symbols.

) o Figure 17a) exhibits the current mirror effect in the sys-
To reveal the cotunneling process more explicitly, we detem with the magnetic field threading only the first=(1)

vise another interesting configuration that the magnetic fieltheckliace. On the particle-hole symmetry and the maximal-
penetrates only one necklace=(1) without affecting the  frystration lines, the two persistent currehisandl, along
other (=2). Such a setup may be realized experimentally agne first and secondl €2) necklaces, respectively, satisfy
shown in Fig. 16. Notice that only part of the two necklaces;ye relationl ;~ —1, in the rangeE,/8E,=<0.07. AsE, is
are capacitively connected. In order for the persistent currenhcreased further, nonetheless, not only the mirror effect dis-
to flow through uncoupled grains, the Josephson couplingpnears gradually but also the curréntliminishes to zero.
between those uncoupled grains should be sufficiently 1argg§; means that independent single-charge transport rather than
In this arrangement, one can observe the current mirror efne cotunneling transport is favorable at large values of the
fect, similar to tlgewcase that only one chain is biased by aQosephson energy. Note that the currbnis much higher
external voltage™ than the corresponding current in the system with the mag-
netic field acting on both necklaces. Interestingly, unlike the
previous setup, the persistent current fgr=1/2 is higher
than that fom,=0. Whereas on the maximal-frustration line
the system is in the superfluid state of the particle-void pairs

B even at smalE;, on the particle-hole symmetry line a suf-
@® ficient amount of the Josephson energy is necessary for gen-
erating excitons, i.e., particle-hole pairs. Foy=0.2, the
current mirror effect is indeed negligible and the increase in
I, is also very small, as shown in Fig. (by.

L . . V. CONCLUSION
FIG. 16. Schematic diagram of two coupled Josephson-junction

necklaces. Part of the two necklaces are capacitively connected We have studied phase transitions and persistent currents
whereas the magnetic field threads only one of the two necklacesin a ladder of two capacitively coupled Josephson-junction
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necklaces. Emphasis has been placed on the roles of excitopsrsistent current is manifested by the competition between
in the presence of charge and magnetic frustration. To obtaithe current mirror effect and magnetic frustration, which is
the properties of the ground and excited states of the systemassociated with the cotunneling transport of the bound exci-
we have utilized the DMRG method for arbitrary values of tonic pairs of either particles and holes or particles and voids.
the gate charge and magnetic flux. Although the main intereskt small values of the Josephson energy, the current mirror
lies in the strong-coupling limit between the two necklaces effect wins the competition and only a very small amount of
we have studied both the uncoupled and strongly coupledersistent current is allowed for a finite-sized system. At
cases for comparison. In both cases, the gate voltage bringgrge values of the Josephson energy, magnetic frustration
about crucial effects on the properties of the system. In &an make use of higher-charging-energy states to dominate
single Josephson-junction necklace, the presence of the gaiger the current mirror effect, allowing a considerable
voltage changes rather abruptly the behavior of the persisteRimount of persistent current. We have also suggested an ex-
current as well as nature of the phase transition. On the Othgerimenta”y realizab'e system to demonstra‘[e the Cotunne|_
hand, in the capacitively coupled Josephson-junction neckng process of the excitons. To our present knowledge, the
laces, such a drastic change is not observed but the gagly experimental work related to the system considered
voltage determines the class of excitons driving the phasgere is that reported in Ref. 15. Unfortunately, however, the
transition: the particle-hole pairs near the particle-hole symtarge bias voltage applied to both arrays does not allow us to

metry line and the particle-void pairs near the maximal-make a direct connection. In particular our DMRG algorithm
frustration line. In the presence of the Josephson tunnelings not suitable for such a nonequilibrium problem.

two different superfluid phases, characterized by the conden-

sation of either of the two types of excitons, have been iden-

tified, depending on the gate charge. The pair correlation

function and the exciton density have provided evidence for

the formation of such excitons. We acknowledge partial support from the SKORE-A Pro-
In the strongly coupled necklaces, the behavior of thegram and from the BK21 Program.

ACKNOWLEDGMENTS

* Author to whom correspondences should be addressed. ElectrontéM. Matters, J.J. Versluys, and J.E. Mooij, Phys. Rev. L&g,.

address: choims@korea.ac.kr 2469(1997).

1see, e.g.Single Charge Transport: Coulomb Blockade Phenom-14M.-S. Choi, M.Y. Choi, T. Choi, and S.-I. Lee, Phys. Rev. Lett.
ena in Nanostructuresedited by H. Grabert and M. Devoret 81, 4240(1998.
(Plenum Press, New York, 1982D.V. Averin and K.K. 154 Shimada and P. Delsing, Phys. Rev. L&, 3253(2000.
Likharev, in Mesoscopic Phenomena in Solidglited by B.L. 16 gmanek, Inhomogeneous Superconductors: Granular and
Al'tshuler, P.A. Lee, and R.A. WebkElsvier Science, Amster- Quantum EffectéOxford University Press, New York, 1994p.
dam, 199}, p. 167. 54.

zG- Schm and A.D. Zaikin, Phys. Re[198 237 (1990. 7R A. Rémer and M.E. Raikh, Phys. Rev. &, 7045 (2000 J.

4'\R"-'\:~ C,;:oaphysr}dRZV' g‘iiﬁﬁzg(hlg%é B, 1138 (1984, Song and S.E. Ullodbid. 63, 125302(2001; H. Hu, J.-L. Zhu,
M.-S ghoeiyJaYi MYOChaoCi J cﬁi} a?mi S-I. Leibid. 57 D--J. Li, and J.-J. Xiongibid. 63, 195307(2003.

- o T ! t B 185 R. White and R.M. Noack, Phys. Rev. LedB, 3487 (1992;

R716(1998. o .
5R. Fazio and G. Schiy Phys. Rev. BI3, 5307(1991). Z:gRée)Whlte,lbld. 69, 2863 (1992; Phys. Rev. B48, 10345

6A. van Otterlo, K.-H. Wagenblast, R. Fazio, and G. Gghhys. 19
Rev. B48, 3316(1993. A. van Otterlo and K.-H. Wagenblast, Phys. Rev..L§ﬂ, 3598
"Macroscopic Quantum Phenomena and Coherence in Supercon- (1994);.A' van Otterlo, K.-H. Wagenblast, R. Baltin, C. Bruder,

ducting Networksedited by C. Giovannella and M. Tinkham _ R.Fazio, and G. Sci Phys. Rev. B52, 16176(1995.

(World Scientific, Singapore, 1995 20T.D. Kihner, S.R. White, and H. Monien, Phys. Rev6B 12474
8B.J. Kim and M.Y. Choi, Phys. Rev. B2, 3624(1995; 56, 395 (2000.

(1997. 213 K. Freericks and H. Monien, Europhys. Le26, 545 (1994;
%S, SachdevQuantum Phase Transition&Cambridge University Phys. Rev. B53, 2691(1996.

Press, Cambridge, England, 1998ee also cond-mat/9705266 22R. Baltin and K.-H. Wagenblast, Europhys. L&®, 7 (1997).
(unpublisheal 23y.L. Berezinskii, Zh. Eksp. Teor. Fi59, 907 (1970 [Sov. Phys.
OMesoscopic Electron Transporedited by L.L. Sohn, L.P. Kou- JETP 32, 493 (1971)]; J.M. Kosterlitz and D.J. Thouless, J.
wenhoven, and G. SchaKluwer Academic, Dordrecht, 1997 Phys. C6, 1181 (1973; J.M. Kosterlitz,ibid. 7, 1047 (1974;

n the literature, “particles” and “holes” are used mostly to refer J.V. JoseL.P. Kadanoff, S. Kirkpatrick, and D.R. Nelson, Phys.
to elementary excitations in fermion systems. In this paper, Rev. B16, 1217(1977).
which is concerned with arrays of superconducting grains, we?*M.Y. Choi, S.W. Rhee, M. Lee, and J. Choi, Phys. Rev6®

use them to refer to excess and defibibsonlike Cooper pairs 094516(2001).

rather than constituent electrons. 25M.-S. Choi, M.Y. Choi, and S.-I. Lee, J. Phys.: Condens. Matter
12D V. Averin, A.N. Korotkov, and Y.V. Nazarov, Phys. Rev. Lett. 12, 943(2000.

66, 2818(1997). 28M.Y. Choi and M. Lee, Curr. Appl. Phy2, 11 (2002.

144506-11



