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Quantum phase transitions and persistent currents in Josephson-junction ladders
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In this work we study quantum phase transitions and persistent currents in capacitively coupled one-
dimensional Josephson-junction arrays. We will focus particularly on the roles of excitonlike pairs in the
strong-coupling limit in the presence of external gate charges and magnetic fluxes. We use the numerical
density-matrix renormalization group method for the study in the full range of values of gate charge and
magnetic flux. To clarify the various effects, we report the pair correlation functions and exciton densities as
well as the persistent current.
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I. INTRODUCTION

Systems of Josephson junctions between small super
ducting grains have been attracting considerable interes
more than two decades. One of the main attractive featur
that they exhibit manifestations of various phenomena in
verse fields of condensed-matter physics. A popular exam
in contemporary mesoscopic physics is the Coulom
blockade effect and single-charge~electron or Cooper pair!
tunneling.1,2 Persistent current, another hot topic in mes
copic physics, can also be embodied in Josephson-junc
systems. Since the superconducting coherence is e
maintained over a macroscopic length scale, a ‘‘necklace
Josephson junctions~i.e., a one-dimensional periodic arra
of Josephson junctions! may be a good testbed for persiste
currents.3 Moreover, charge fluctuations present in such s
tems may induce quantum phase transitions,4–8 providing a
prototype model for the noble many-body phenomena
strongly correlated electron systems.9 Another important and
appealing feature of the systems is the experimental tuna
ity: They not only make mesoscopic devices on their own10,2

but also allow us to test and understand otherwise very su
points of interacting many-particle systems,9 which is impor-
tant from a fundamental point of view.

Here we consider a particular geometry of Josephs
junction systems: a ladder of two capacitively coupled o
dimensional ~1D! Josephson-junction arrays. In th
Coulomb-blockade regime, a single charge cannot tun
across the junction since it is energetically unfavorab
Transport is therefore dominated by more complex elem
tary processes that involve several charge-tunneling eve
For the particular type of coupling through large interarr
capacitances, the relevant elementary process in the abs
of the gate charge consists of cotunneling of bound pair
excess and deficit charges, which we call ‘‘particles’’~excess
charges! and ‘‘holes’’ ~deficit charges!, respectively.11 It was
0163-1829/2003/68~13!/144506~11!/$20.00 68 1445
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first demonstrated on capacitively coupled normal-metal t
neling junctions12,13 and later on superconducting junctio
arrays.14,15 In the presence of gate voltage applied betwe
the electrode islands and substrate, the particle-hole sym
try is broken and the particle-hole pair no longer makes
lowest charging-energy configuration. For example, wh
the particle-hole symmetry is broken maximally~corre-
sponding to the gate charge given by one-half of the elem
tary charge 2e), the transport is governed by cotunneling
particle-void pairs~with thevoid denoting the absence of an
excess or deficit Cooper pair!.14 It is noted that these
particle-hole pairs or particle-void pairs are reminiscent
excitons—i.e., bound states of a band electron and a hole—
solids. In the previous work,14 quantum phase transitions in
duced by the cotunneling of particle-hole pairs and partic
void pairs near the particle-hole symmetry line and maxim
frustration line, respectively, have been studied by mean
perturbative methods. However, the properties of the tra
port or phase transitions in between have not been studi

The effects of an external magnetic flux threading t
loop of a ladder of two capacitively coupled Josephso
junction necklaces~CCJJN’s! ~see Fig. 1! are even more so
phisticated since the objects involved in the persistent c
rent are not single charges. Unlike most studies of
persistent current@or, equivalently, the underlying Aharonov
Bohm ~AB! effect#, which focus on single-charged particle
recent researches into a nanostructure with nonsimply c
nected geometry have demonstrated17 that excitons can con
tribute to persistent currents, in spite of their charge neut
ity. The nonvanishing persistent currents in the system
attributed to the finite probability of breaking and recomb
nation of an exciton via intermediate single-particle a
-hole states. It is thus quite intriguing to investigate pers
tent currents in CCJJN’s, where cotunneling of the partic
and holes of Cooper pairs dominates the transport phen
ena. Additional advantage of the CCJJN’s is that the partic
©2003 The American Physical Society06-1
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hole or particle-void pairs are stable while the excitons
semiconductor nanorings usually have a finite and short
time. Notice further that the CCJJN’s are already within t
reach of experimental realization.15

In this work we study quantum phase transitions and p
sistent currents in a ladder of CCJJN’s. We focus particula
on the roles of ‘‘excitons’’ in the presence of the char
frustration due to an external gate voltage and the magn
frustration due to an external magnetic flux threading
necklaces. We use the numerical density-matrix renormal
tion group~DMRG! method18 to probe the full ranges of gat
charge and magnetic flux. Although we are mainly interes
in the strong-coupling limit, we will consider for compariso
both the two limiting cases: decoupled and strongly coup
cases. In the limit of strong coupling, we identify two diffe
ent superfluid phases, characterized by condensation o
ther particle-hole pairs or particle-void pairs, depending
the gate charge. In order to disclose the properties of
superfluid phases and the formation of excitons explicitly,
measure the pair correlation function and exciton dens
The behavior of the persistent current calculated for sm
systems reveals the transport via the separation and re
bination process for small Josephson energies. At larger
sephson energies, however, the transport is governed
mixing of low-lying charge states with higher-energy stat
Finally, we propose an experimentally realizable system
demonstrate the cotunneling process of excitons.

FIG. 1. Schematic diagrams of~a! a single Josephson-junctio
necklace~from above! and ~b! two capacitively coupled necklace
~from the diagonal direction!. In ~b! each thick ring represents th
single necklace depicted in~a!.
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intermediate-coupling regime is also interesting and m
feasible experimentally.15 Unfortunately, however, a numeri
cal DMRG study in this case is beyond current comput
power, requiring far more memory than available. We th
leave the intermediate region for future study.

The remaining part of this paper is organized as follow
In Sec. II we first describe the model Hamiltonians and d
cuss qualitatively the relevant low-energy charge sta
Quantum phase transitions in a single Josephson-junc
necklace and capacitively coupled Josephson-junction n
laces are examined in Sec. III. Section IV is devoted to
investigation of the persistent currents in the system, rev
ing the AB effect of excitons. Finally, we summarize th
main results in Sec. V.

II. MODEL

We consider two 1D periodic arrays, which we callneck-
laces, of N superconducting grains as shown in Fig. 1. A
two nearest-neighboring grains on one necklace form a
sephson junction of coupling strengthEJ . The two necklaces
are coupled with each other via capacitanceCI between cor-
responding grains to form a ‘‘ladder.’’ Uniform gate voltag
Vg is applied to each grain through its self-capacitanceC0 ,
inducing gate chargeQ5C0Vg on each grain. For conve
nience, we measure the charge in units of 2e and writeQ
[2eng . In addition, a transverse magnetic flux threads e
necklace. Such a system is described by the Hamiltonian

H52e2 (
lx,l 8x8

@nx
l 2ng#Clx,l 8x8

21
@nx8

l
2ng#

2EJ(
lx

cos~fx
l 2fx11

l 2Ax!, ~1!

where the numbernx
l of Cooper pairs and the phasefx

l of the
superconducting order parameter at sitex on thel th necklace
( l 51,2) are quantum mechanically conjugate variabl

@nx
l ,fx8

l 8 #5 id l ,l 8dx,x8 . The bond angleAx is given by the
line integral of the vector potentialA introduced by the ap-
plied magnetic field:

Ax5
2p

F0
E

x

x11

dl•A5
2p f

N
, ~2!

where f denotes the total flux in units of the flux quantu
F0[2p\c/2e. Assuming that junction capacitances a
negligible, we write the capacitance matrixClx,l 8x8 in the
form16

Clx,l 8x85@C0d l ,l 81CI~2d l ,l 821!#dx,x8[Cll 8dx,x8 ~3!

and also define charging energy scalesE0[e2/2C0 and EI
[e2/2CI , associated with the corresponding capacitanc
Notice, that whenng50 the Hamiltonian in Eq.~1!, is sym-
metric with respect to the particlelike~excess Cooper pairs!
excitations and holelike~deficit pairs! ones. On the other
hand, charges on each grain are maximally frustrated w
ng51/2. For later use, we thus name the lines correspond
6-2
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QUANTUM PHASE TRANSITIONS AND PERSISTENT . . . PHYSICAL REVIEW B 68, 144506 ~2003!
to ng50 and ng51/2 the particle-hole symmetry line an
maximal-frustration line, respectively, in the phase diagra

For the DMRG analysis, we represent the Hamiltonian
Eq. ~1! in the boson number basis. Based on the comm
tion relation between the numbernx

l and phasefx
l , we iden-

tify the boson creation operatorbx
l† at sitex on necklacel

with eifx
l
. In terms of the boson operators, we thus obtain

Bose-Hubbard Hamiltonian

HBH5
8E0

2 (
l l 8x

nx
l C0Cll 8

21nx
l 828E0~ng1n̄!(

lx
nx

l

2
EJ

2n̄
(
lx

~e22p i f /Nbx
l†bx11

l 1H.c!, ~4!

wheren̄ is the average boson number per site. Note tha
the quantum phase model the Josephson energy term i
dependent of the number fluctuations, while the correspo
ing ~hopping! term is not in the Bose-Hubbard model. T
alleviate the effects of number fluctuations in the Bo
Hubbard model, we consider the case that the average b
numbern̄ per site is large:19 Throughout this study we setn̄
to be 10 000.

Capacitive coupling between necklaces drastically affe
the low-lying charge excitations, especially in the stron
coupling regime. To examine the charge configurations in
low-lying states, it is convenient to rewrite the charging e
ergy part in the Hamiltonian~4!:

HBH5U0(
x

~nx
122ng!21V0(

x
~nx

2!2

2
EJ

2n̄
(
lx

~e22p i f /Nbx
l†bx11

l 1H.c!, ~5!

where we have defined new energy scalesU0[2E0 andV0

[2E0 /(112CI /C0) and charge variablesnx
6[(n1,x2n̄)

6(n2,x2n̄). Note thatnx
1 represents the total number o

~excess! Cooper pairs on thexth rung of the ladder. In the
regime of concern (CI@C0 , i.e., EI!E0), we haveU0
@V0 and U0@EJ , and the charge configurations satisfyin
nx

122ng.0 are thus strongly favored. In such a charge c
figuration nx

2/2 corresponds to the number of excito
~particle-hole or particle-void pairs; see below!.

The representation in Eq.~5! of the Hamiltonian allows us
to distinguish clearly the two interesting regions from ea
other: near the particle-hole symmetry line (ng50) and near
the maximal-frustration line (ng51/2), as one can observ
from the energy spectra of the charging energy part ill
trated in Figs. 2 and 3 for the two regimes, respectively. N
the maximal-frustration line, the charge configurations t
do not satisfy the conditionnx

151 ~for all x) have a huge
excitation gap of the order ofE0 . Furthermore, the ground
states of the charging energy part, separated from the ex
states by a gap of the order ofEI , have twofold degenerac
for eachx, corresponding tonx

2561. Near the particle-hole
symmetry line, on the other hand, low-energy charge c
14450
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figurations should satisfy the conditionnx
150 for all x. Un-

like the former case, the ground state of the charging ene
is nondegenerate and forms a Mott insulator characterize
n1,x5n2,x50 for all x. As EJ is turned on, the ground state

FIG. 2. Energy levels of the charging energy part in Eq.~5! and
corresponding charge configurations near the particle-hole sym
try line. Solid and open circles denote particles and holes, res
tively; paired ~upper and lower! solid lines represent the two
coupled arrays, the couplings between which are illustrated by
dashed lines. The low-lying energy levels satisfyingnx

150 are well
separated by a large amount of energy~of the order ofE0) from
those withnx

1Þ0.

FIG. 3. Energy levels and corresponding charge configurati
near the maximal-frustration line. Note that the ground state is t
fold degenerate per site.
6-3
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MINCHUL LEE, MAHN-SOO CHOI, AND M. Y. CHOI PHYSICAL REVIEW B68, 144506 ~2003!
mixed with the states withnx
2562. In the intermediate re

gion (0,ng,1/2), these two kinds of energy spectra a
interleaved to form a complex shape of the energy levels

III. QUANTUM PHASE TRANSITIONS

The competition between charge order and phase co
ence gives rise to quantum fluctuations and quantum ph
transitions at zero temperature. For large charging ene
(E0@EJ), the bosons become localized and the system i
the Mott insulator phase with integer density. On the co
trary, for large hopping energy or Josephson energyEJ
@E0), coherence of the phasesfx dominates over the sys
tem and a superfluid~SF! region with delocalized bosons i
observed. The properties and universality classes of
phase transitions, however, depend strongly on the coup
strength CI /C0 as well as the chemical potentialm
[8E0(ng1n̄). The charge frustrationng may be restricted
to the range@1,1/2# since the Hamiltonian in Eq.~5! is pe-
riodic in ng with period unity and has reflection symmet
about theng51 ~or any integer! line. In the following we
investigate two limiting cases: the decoupled case (CI50)
and the strongly coupled one (CI@C0).

A. Single Josephson-junction necklace

The phase transition in a single Josephson-junction a
has been studied quite extensively and it has been found
its nature depends crucially on the gate voltage. In the p
ence of nonzero gate voltage (ngÞ0), the density of the
system changes as the phase boundary is crossed fro
incompressible insulator to a compressible superfluid. T
transition can thus be located at the point where in the th
modynamic limit the density of the ground state becom
different from one of the insulator ground state as the
sephson energy is increased. On the other hand, in
particle-hole symmetry line (ng50), the density remains a
integer at the phase transition. Therefore, in this case
phase boundary is determined by the single-particle exc
tion gap. This is possible because in the superfluid phase
ground state is a superposition of states with different bo
numbers; the energy gap between the ground state and s
with additional particles, which is finite in the insulatin
phase, vanishes in the superfluid phase.

Since the Hamiltonian conserves total charge number,
DMRG algorithm can be set up to target states with giv
total excess numberM of bosons. We thus obtain the pha
diagram of the system by comparing energies of the gro
states with different boson numbers: the energyEM50 of the
insulator ground state with zero excess boson density (^nx&
5n̄) and the energyEM51 of the eigenstate with an add
tional particle upon the ground state. Through the linear
trapolation of the energy gapEM512EM50 for finite system
sizeN564,128, and 256, we have estimated the gap in
thermodynamic limit and located the phase boundary at
point where the gap is zero. For high numerical accuracy
access to large systems, the finite-size DMRG algorithm
open boundary conditions have been used. During
DMRG process, the boson number at each site is truncate
14450
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be less than 6 and the discarded weight is set to be less
1026, giving rise to negligible errors in the gap energy.20 The
magnetic frustrationf is set equal to zero because it can
gauged away and becomes irrelevant in the thermodyna
limit.

Figure 4 displays the resulting phase diagram for
quantum phase model on theEJ-ng plane in the range 0
<ng<1/2 and 0<EJ<8E0 . For convenience, here and i
all subsequent figures, the energy is expressed in unit
8E0 . The phase diagram, where the Mott insulator reg
with zero excess boson density is separated from the c
pressible superfluid, is in good agreement with those
tained via the perturbative expansion21 and the quantum
Monte Carlo method.22 On the particle-hole symmetry line
the quantum phase model is mapped exactly to
(111)-dimensionalXY model, predicting a Beresenski
Kousterlitz-Thouless~BKT! transition23 driven purely by
phase fluctuations. The sharp-pointed shape of the insula
region near the symmetry line reflects the slowness in c
ing the energy gap in the BKT transition.20 In case that the
particle-hole symmetry is broken~away from the symmetry
line!, no such slowness is found and the commensur
incommensurate transition belongs to a universality cl
other than that of theXY model, with different critical
exponents22 and RG characteristics.24

B. Strongly coupled Josephson-junction necklaces

In the strong-coupling limit, the low-energy chargin
states relevant to the phase transition are the the particle-
pairs ~with nx

150 andnx
2562) and the particle-void pairs

~with nx
151 and nx

2561). For small hopping strength
these excitons are localized and the system is in the M
insulator phase. AsEJ increases, the phase boundary
crossed from the insulator to the superfluid which, in th
case, originates from condensation of the excitons. Acco
ingly, as in the case of a single Josephson-junction neckl
the transition can be located as one tracks the energy take
add an exciton to the insulator: At the phase boundary

FIG. 4. Phase diagram for a single 1D Josephson array.
phase boundary separates the Mott insulator~MI ! with zero excess
Cooper pair density from the superfluid phase~SF!. The Josephson
energyEJ is expressed in units of 8E0 and the error bars in theEJ

direction ~for given ng) are smaller than the square symbols. T
line is merely a guide to the eye.
6-4
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QUANTUM PHASE TRANSITIONS AND PERSISTENT . . . PHYSICAL REVIEW B 68, 144506 ~2003!
energy vanishes in the thermodynamic limit. Which kind
exciton between the particle-hole pair and particle-void p
is relevant depends on the charge frustrationng . Near the
particle-hole symmetry line (ng'0), the particle-hole pairs
are energetically favorable and govern the phase transi
As ng is increased and in the presence of Josephson tun
ing, in contrast, the particle-void pairs begin to be domin
faster than the particle-hole pairs, which will be shown b
low.

In the DMRG procedure we have associated the ta
state with a pair of total excess boson numbers (M1 ,M2) on
the two arrays by utilizing boson number conservation.
order to locate the phase boundary, we have calculated
energyE(M1 ,M2) of three kinds of eigenstate: the insulat

ground state with (M1 ,M2)5(0,0) and the states with add
tional particle-hole and particle-void pairs upon the grou
state, labeled by (M1 ,M2)5(1,21) and (1,0), respectively
We have extrapolated the energy gapsE(1,21)2E(0,0) and
E(1,0)2E(0,0) for finite system sizeN516, 32, and 64 to
locate the transition points where the gaps vanish in the t
modynamic limit. As in the case of a single Josephson ne
lace, we have employed the finite-size DMRG algorith
imposing open boundary conditions.

Figure 5 shows the energy gaps as functions of the
sephson energy at various charge frustrations in the sys
with CI /C05100 andN532. From Fig. 5~a! we observe

FIG. 5. Energy gaps~a! E(1,21)2E(0,0) and ~b! E(1,0)2E(0,0) .
Both are taken forCI /C05100 at the system sizeN532. Each
symbol corresponds to a different value of charge frustration:~a!
ng50 (h), 0.1 (s), 0.2 (n), and 0.24 (L); ~b! ng50.14 (h),
0.16 (j), 0.18 (s), 0.2 (d), 0.22 (n), and 0.24 (m). The ener-
gies on both axes are expressed in units of 8E0 .
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that the excitation energyE(1,21)2E(0,0) for different charge
frustrations collapses into one curve, which also happen
other system sizes. This indicates that the critical Joseph
energy at the transition driven by particle-hole pairs does
depend onng . On the other hand, the energy gapE(1,0)
2E(0,0) decreases almost linearly with the increase ofng and
EJ , as shown in Fig. 5~b!. The largerng is, the smaller the
Josephson energyEJ at which the energy gap vanishes b
comes. Forng*0.14, the critical value ofEJ become even
less than that for the particle-hole pairs.

The resulting phase diagrams for strongly coupled arr
with CI /C05100 and 200 are exhibited in Figs. 6~a! and
6~b!, respectively. Based on the dominant transport mec
nism, one can distinguish three regions in the superfl
phase: ES1 , ES2 , and SFUB. In region ES1 the transport is
driven mainly by the excitons of particle-hole pairs; in ES2 it
is driven by particle-void pairs. In region SFUB, on the oth
hand, single-particle processes dominate the transport in
system. Such a superfluid of unpaired bosons~SFUB! is to
be observed atEJ/8E0;1, far to the right from regions ES1
and ES2, and not shown in the phase diagram given by F
6. We note that different transport mechanisms take o
dominant roles gradually as the control parameters
changed. Therefore, regions ES1 and ES2 in Fig. 6 should not
correspond to truly distinct phases.

FIG. 6. Phase diagrams for strongly coupled 1D Josephson
rays for ~a! CI /C05100 and~b! CI /C05200. Displayed are the
phase boundaries between the Mott insulator~MI ! phase and the
superfluid phase (ES1 and ES2). Regions ES1 and ES2 in the su-
perfluid phase are distinguished by the dominant transport me
nism ~see the text!. The transitions across the boundaries indica
by solid and open symbols are driven by the particle-hole pairs
particle-void pairs, respectively. The lines are merely guides to
eye.
6-5
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Previous studies of the mapping of the system at
particle-hold symmetry line to a (111)-dimensional system
of classical vortices25,26 insisted that the system is effective
described by a two-dimensionalXY model and exhibits a
BKT transition at the critical Josephson energyEJ/8E0uc

54KBKT
2 (11A112CI /C0)22'2KBKT

2 (C0 /CI), where
KBKT'0.748 is the critical coupling strength for the standa
XY model. Our data, though being unable to discern na
of the transition, show that the critical Josephson energ
inversely proportional toACI /C0 instead ofCI /C0 , appar-
ently favoring against the BKT transition. This result is qu
reasonable in view of the fact that the cotunneling proces
particle-hole pairs via an intermediate virtual state happ
with probability proportional to EJ

2/E0EI , leading to
EJ /E0uc}ACI /C0. In addition, the nonzero charge frustr
tion does not change the properties of the phase trans
abruptly, in contrast to the case of a single array. Instead,
transition point as well as the qualitative properties is p
served up tong'0.135 forCI /C05100 and tong'0.165 for
CI /C05200; there is no increase in the critical value ofEJ
as predicted in Ref. 14. Since our model neglects the ju
tion capacitance on each necklace, for

ng.ng* [
1

4 S 11
1

112CI /C0
D , ~6!

each site has twofold-degenerate ground states (nx
151 and

nx
2561) of the charging energy. Accordingly, the Josep

son energy of any strength brings about charge fluctuat
to drive the system into the superfluid phase. Indeed Fig
shows that the MI phase ceases to exist forng.ng* , regard-
less of EJ . With nonzero junction capacitance, the dege
eracy is expected to be broken, generating another insula
phase: the charge-density-wave~CDW! phase. A perturbative
study14 has found that as the Josephson energy is incre
the system goes from the CDW insulator to the Lutting
liquid phase.

To witness the activity of the excitons in the phase tra
sition, we have measured the pair correlation function
fined to be

Cpair[
1

N (
x

^~nx
12^nx

1&!~nx
22^nx

2&!& ~7!

together with the exciton densityP0 of the particle-hole pairs
andP61 of the particle-void pairs:

P0[
1

N (
x

^dn
x
11n

x
2,02dn

x
1,0dn

x
2,0&, ~8!

Pn1[
1

N (
x

^dn
x
11n

x
2 ,n1& ~n1Þ0!. ~9!

The pair correlation function assumes zero if there is no c
relation between the boson numbers on the two array
particle-hole or particle-void pair at every site on the avera
contributes toCpair by 21 or 21/4.

Figure 7 shows that the pair correlation is negative a
monotonically decreases withEJ , which indicates that large
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hopping strength makes more excitons come into the sys
For ng50 @see Fig. 7~a!#, the two pair correlation
functions—one for the insulator ground state and the ot
for the state with an additional particle-hole pair—approa
each other and collapse atEJ/8E0*0.07, giving further evi-
dence for the condensation of excitons. Forng50.2, the cor-
relation changes abruptly at the phase transition, as show
Fig. 7~b!. For ng>0.3, we haveCpair'21/4 for small val-
ues of EJ , which reflects the contribution of particle-voi
pairs. Although the correlations forng>0.3 become similar
at large values ofEJ , they do not coincide at intermediat
values, implying a difference in the history of pair gener
tion.

The behavior of the exciton density withEJ , displayed in
Fig. 8, manifests more clearly the formation of excitons. T
particle-hole pair densityP0 grows with EJ @see Fig. 8~a!#,
except for the case ofng50 and largeEJ . On the other
hand, Fig. 8~b! shows that the densityP1 of the particle-void
pairs with nx

11nx
251 has two kinds of tendencies: Forng

,ng* the densityP1 increases withEJ ; otherwise, it de-
creases. The steep changes in both densitiesP0 andP1 hap-
pen when the total excess boson numberM5M11M2 of the
ground state is altered. Such behaviors ofP0 and P1 reveal
that more than one kind of excitons proliferates in the syst

FIG. 7. Pair correlationCpair vs the Josephson energy.~a! For
ng50, the pair correlation functions in the insulator ground st
~open symbols! and in the state with one particle-hole pair add
upon the ground state~solid symbols! are plotted.~b! shows the
correlations in the ground state in the presence of the gate vol
ng50.2 (h), 0.3 (s), 0.4 (n), and 0.5 (¹). Here we set
CI /C05100 and the system sizeN58, and lines are guides to th
eye.
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as EJ is increased beyond its critical value. With largeEJ ,
the kinetic energy gain due to the Josephson tunneling t
compensates for the charging energy gap between diffe
kinds of excitons.

We close this section with a comment about the pair c
relation in the limitEJ/8E0@1, which is beyond our curren
computational power. Our data show no indication of t
decrease of the pair correlation withEJ raised. However,
when the Josephson energy is large enough for the si
processes of unpaired particles to prevail, the pair correla
may eventually approach zero again.

IV. PERSISTENT CURRENT

In this section we consider the persistent current along
necklaces, induced by the threading external magnetic fi
Since tunneling of Cooper pairs between necklaces is
permitted, the persistent current carried by each necklac
given by the derivative of the energy with respect to t
magnetic fluxf ~Ref. 3!:

I l5
e

2p\ K ]H
] f L U

l

52
eEJ

N\n̄
Im^e22p i f /Nbx

l†bx11
l &, ~10!

which is simply the supercurrent through the Josephson ju
tions. The current in the system is thus given by the ima
nary part of^exp@i(fx

l 2fx11
l 2Ax)#&, the real part of which

FIG. 8. Exciton densities~a! P0 and ~b! P1 vs the Josephson
energy for gate voltageng50 (h), 0.2 (j), 0.3 (s), 0.4 (d),
and 0.5 (n). Other parameters are the same as those in Fig. 7.
pairs of numbers (M1 ,M2) represent the total excess boson nu
bers of the ground state at given parameters.
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describes the gauge-invariant phase correlation function
tween nearest-neighboring grains. Since the current is p
odic in f with period unity and an odd function of the fluxf,
it is sufficient to calculate the current in the rangef
P@0,1/2#. As in the previous section, we focus on two e
treme cases: the decoupled case (CI50) and strongly
coupled one (CI /C0@1).

A. Single Josephson-junction necklace

We have calculated the persistent current in a finite-s
system (N540) under periodic boundary conditions. Th
persistent current is evaluated in the ground state—nam
the lowest-energy state—which is found by varying the to
excess boson numberM at givenng andEJ , and expressed
in units of eEJ /N\ in all subsequent figures. Figures 9~a!
and 9~b! show the dependence of the persistent current~in
units ofeEJ /N\) and of the ground-state energy~in units of
8E0) on the fluxf in both the insulating phase and superflu
phase, respectively, without the gate charge (ng50). For
small EJ , the current depends sinusoidally onf, whereas it
has a sawtooth shape in the superfluid phase. Such beh
of the persistent current is well known in the two extrem
one-dimensional electron models: In the tight-binding mo
with the lattice potential energy dominant over the kine
energy, the single-particle energy is given by a cosine fu

he
-

FIG. 9. Persistent currentI and ground-state energyE as func-
tions of the fluxf in ~a! the insulating phase (EJ/8E050.64) and~b!
the superfluid phase (EJ/8E051) along the particle-hole symmetr
line (ng50).
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tion of the flux f, giving rise to a sinusoidal dependence
the current onf. On the other hand, the free-electron mod
on a ring, where the energy is quadratic inf, has the persis-
tent current linear inf and of sawtooth shape. In our mod
Cooper pairs take the role of the electrons and in analogy
infer that the sawtooth dependence in the persistent cur
indicates the emergence of the superconductivity over
system, where the Cooper pairs can freely move around.
data for the dependence of the current on the system
shown in Fig. 10, also lead to the same interpretation: In
insulating phase the bosons are localized at sites so tha
probability for a boson to circle around the ring and to retu
to its starting position is proportional totN, where t is the
hopping probability between nearest neighbors. This give
current decaying exponentially with system sizeN @see Fig.
10~a!#. On the other hand, in the superfluid phase the w
function of the boson is extended and the hopping proba
ity over the system does not depend on the system s
Instead, since the energy itself is quadratic in the system s
the persistent current follows a power law with respect to
system size, as shown in Fig. 10~b!. Hence our data for the
persistent current are fully consistent with the phase tra
tion explained in Sec. III A.

FIG. 10. Persistent currentI vs the system sizeN in ~a! the
insulating phase@EJ50.25 (j), 0.36 (d), and 0.49 (m) in units
of 8E0] and ~b! the superfluid phase@EJ50.81 (h), 1 (s), and
1.44 (n) in units of 8E0] along the particle-hole symmetry lin
(ng50). Solid and dotted lines represent the exponential func
ae2bN and the algebraic functionc/N, respectively, where the con
stantsa, b, andc are obtained via a fitting algorithm.
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We exhibit the dependence of the persistent current on
Josephson energy atf 51/4 and various gate voltages in Fig
11. The persistent current scaled byEJ is negligibly small in
the insulating region, then rises rapidly near the transit
point, and increases only marginally in the superfluid pha
For ng50, the current shows finite-size effects, gradua
increasing quite before the transition point. On the contra
in the presence of nonzero gate voltage, the current incre
very sharply at the phase boundary even in the small-
system, which is attributed to the abrupt change in the to
boson number or the density of the ground state at the t
sition point. Deep in the superfluid phase, on the other ha
the persistent current becomes independent of the gate
age.

B. Strongly coupled Josephson-junction necklaces

From the observation in Sec. III B, it is evident that in th
strong-coupling limit the excitons such as particle-hole a
particle-void pairs play dominant roles in the transport.
the picture of the lowest-order cotunneling processes ill
trated in Fig. 12, however, such pairs are tightly bou
throughout the transport process. Accordingly, the current
duced in one necklace is accompanied by the secondary
rent in the other necklace, with the same magnitude bu
the opposite direction.14 On the other hand, in response to th
magnetic flux, the charges in an excitonic pair tend to mo
in opposite directions since their signs are opposite~with
respect to the offset chargeng). Therefore the current mirro
effect competes with the influence of the magnetic flux.

Indeed, for small values of the Josephson ene
(EJ/8E0&0.07), the persistent current is quite negligib
both on the particle-hole symmetry line (ng50) and on the
maximal-frustration line (ng51/2) ~see Fig. 13!. The small
but still nonzero amount of persistent current is induced
higher-order tunneling processes. Namely, the charges i
excitonic pair break up, run down the circumferences in
opposite directions, and recombine. Contributions from th
processes are observable only in a system with a small n
ber of sites (N58 for the data in Fig. 13!. In other words, the
current mirror effect wins the competition. It is distinguishe

n

FIG. 11. Persistent current vs the Josephson energy for var
gate voltages. In each case the current, scaled in units ofeEJ /N\,
makes clear the contribution of the correlations between nea
neighboring grains. All the currents are calculated atf 51/4.
6-8
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QUANTUM PHASE TRANSITIONS AND PERSISTENT . . . PHYSICAL REVIEW B 68, 144506 ~2003!
from the behavior of the persistent current in a sin
Josephson-junction necklace, where forng50 the current
increases rapidly near the transition point and any strengt
the Josephson energy induces rather large persistent cu
for ng50.5 ~see Fig. 11!, demonstrating the action of a dif
ferent kind of charge fluctuations in the coupled system.

For larger values of the Josephson energy (EJ/8E0
*0.07), however, a considerable amount of persistent
rent flows through the system and increases withEJ . It can
be explained by the generation of excitations with high
charging energies in the presence of the Josephson en
As observed in Fig. 8, with the increased Josephson ene
more of the charge states that do not satisfynx

150 ~near the
particle-hole symmetry line! or nx

151 ~near the maximal-
frustration line! are now mixed with the lowest-charging
energy states. These excitations can carry a finite amoun
persistent current since the signs of the charges in a pai

FIG. 12. Typical cotunneling processes relevant~a! near the
particle-hole symmetry line and~b! near the maximal-frustration
line. Such cotunneling results in current mirror effects.

FIG. 13. Persistent currentI 1 ~along one necklace! vs the Jo-
sephson energyEJ in the strongly coupled system of sizeN58, for
f 51/4 and gate voltageng50 (h), 0.2 (s), and 0.5 (n). Lines
are merely guides to the eye.
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not opposite now. In short, magnetic frustration wins t
competition with the current mirror effect. It is also interes
ing that the persistent currents forng50 (h) and 1/2 (n)
are almost the same. In fact, the densities of charge ex
tions which do not satisfy the lowest-charging-energy con
tion are nearly the same for the two cases since the char
energy costs for such excitations amount to the same en
U0 in both cases.

Note also that unlike these two cases the persistent cur
for ng50.2 (s) increases sharply at the transition point a
becomes quite larger than the one forng50 or 1/2. Interme-
diate values of charge frustration~in the superfluid phase!
bring about a variety of charge excitations in the presenc
the Josephson energy and diminish the energy gap betw
the charge excitations, giving rise to a reduction of the c
rent mirror effect and favoring independent single-cha
transport.

Figure 14 shows that the persistent current increa
slightly as the coupling capacitance is raised. On the
hand, a larger value of the coupling capacitance reduces
lowest excitation energy (;EI) and makes the excitons pro
liferate more in the system, thus increasing the persis
current due to the excitons. On the other hand, breaking
the excitons, which is crucial for inducing the persistent c
rent, costs higher energy (;E0). These conflicting trends
result in a slight increase in the regime of our interest (E0
@EI).

The dependence of the current on the system size
supports our scheme for the role of the excitons in the p
sistent current. Figure 15 shows that, similarly to the case
a single necklace, in the insulating phase the current dec
exponentially with system size and decreases inversely to
system size deep in the superfluid phase. Near the trans
point on the side of the superfluid phase~at EJ/8E050.08
and 0.125), however, the current does display exponen
dependence on the system size, which indicates that spa
localized objects participate in the generation of the curre
It is another piece of evidence for the virtual processes
unpaired charges or higher-order excitons in the reg
where the low-lying excitons themselves are delocaliz
over the system.

FIG. 14. Persistent current vs the Josephson energy on
particle-hole symmetry line (ng50) in the strongly coupled system
with the coupling capacitanceCI /C05100 (h) and 200 (s).
6-9
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To reveal the cotunneling process more explicitly, we d
vise another interesting configuration that the magnetic fi
penetrates only one necklace (l 51) without affecting the
other (l 52). Such a setup may be realized experimentally
shown in Fig. 16. Notice that only part of the two necklac
are capacitively connected. In order for the persistent cur
to flow through uncoupled grains, the Josephson coup
between those uncoupled grains should be sufficiently la
In this arrangement, one can observe the current mirror
fect, similar to the case that only one chain is biased by
external voltage.13,15

FIG. 15. Persistent current versus the system size on
particle-hole symmetry line (ng50) for different values of the Jo
sephson energyEJ5 ~a! 0.045 (m), 0.08 (d), and 0.125 (m); ~b!
0.125 (n), 0.18 (¹), and 0.245 (L) ~again in units of 8E0). The
fitting curves are the same as those given in Fig. 10.

FIG. 16. Schematic diagram of two coupled Josephson-junc
necklaces. Part of the two necklaces are capacitively conne
whereas the magnetic field threads only one of the two neckla
14450
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Figure 17~a! exhibits the current mirror effect in the sys
tem with the magnetic field threading only the first (l 51)
necklace. On the particle-hole symmetry and the maxim
frustration lines, the two persistent currentsI 1 and I 2 along
the first and second (l 52) necklaces, respectively, satis
the relationI 1'2I 2 in the rangeEJ/8E0&0.07. As EJ is
increased further, nonetheless, not only the mirror effect
appears gradually but also the currentI 2 diminishes to zero.
It means that independent single-charge transport rather
the cotunneling transport is favorable at large values of
Josephson energy. Note that the currentI 1 is much higher
than the corresponding current in the system with the m
netic field acting on both necklaces. Interestingly, unlike
previous setup, the persistent current forng51/2 is higher
than that forng50. Whereas on the maximal-frustration lin
the system is in the superfluid state of the particle-void pa
even at smallEJ , on the particle-hole symmetry line a su
ficient amount of the Josephson energy is necessary for
erating excitons, i.e., particle-hole pairs. Forng50.2, the
current mirror effect is indeed negligible and the increase
I 1 is also very small, as shown in Fig. 17~b!.

V. CONCLUSION

We have studied phase transitions and persistent curr
in a ladder of two capacitively coupled Josephson-junct

e

n
ed
s.

FIG. 17. Persistent currentsI 1 ~solid lines with solid symbols!
and I 2 ~dotted lines with solid symbols! when the magnetic field
threads only the first (l 51) necklace. The currents are calculat
for the gate voltageng5 ~a! 0 (j), 0.5 (m); ~b! 0.2 (d). For
comparison, the persistent currents when both the necklaces
threaded by the magnetic field~see Fig. 13! are also plotted, repre
sented by the corresponding open symbols.
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QUANTUM PHASE TRANSITIONS AND PERSISTENT . . . PHYSICAL REVIEW B 68, 144506 ~2003!
necklaces. Emphasis has been placed on the roles of exc
in the presence of charge and magnetic frustration. To ob
the properties of the ground and excited states of the sys
we have utilized the DMRG method for arbitrary values
the gate charge and magnetic flux. Although the main inte
lies in the strong-coupling limit between the two necklac
we have studied both the uncoupled and strongly coup
cases for comparison. In both cases, the gate voltage b
about crucial effects on the properties of the system. I
single Josephson-junction necklace, the presence of the
voltage changes rather abruptly the behavior of the persis
current as well as nature of the phase transition. On the o
hand, in the capacitively coupled Josephson-junction ne
laces, such a drastic change is not observed but the
voltage determines the class of excitons driving the ph
transition: the particle-hole pairs near the particle-hole sy
metry line and the particle-void pairs near the maxim
frustration line. In the presence of the Josephson tunne
two different superfluid phases, characterized by the cond
sation of either of the two types of excitons, have been id
tified, depending on the gate charge. The pair correla
function and the exciton density have provided evidence
the formation of such excitons.

In the strongly coupled necklaces, the behavior of
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address: choims@korea.ac.kr
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persistent current is manifested by the competition betw
the current mirror effect and magnetic frustration, which
associated with the cotunneling transport of the bound e
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