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The bound of unbiased estimate: 

Fisher information 

Braunstein & Caves (PRL, 1994) 
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Quantum-enhanced metrology 

Pointer preparation 

Standard quantum limit Heisenberg limit 

Giovannetti et.al. (PRL, 2006) 
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Quantum-enhanced metrology 

Hwang Lee et.al. (J.mod.Opt, 2002) 

0 → 0  

1 → 𝑒𝑖𝜃|1〉 
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Measure wave function directly based on weak measurement 

Ludeen et al. (Nature, 2011) 

→ tomography of two-dimension state 

𝝈 𝒚, 𝝈 𝒙 



7 

Measure wavefunction directly  
No weak-coupling approximation 

 𝜓 =  𝜓𝑥𝑥 ,    𝑃𝑀: propability of measurement outcome 1 

Vallone & Dequal (PRL, 2016) 

𝑈 𝑥 = 𝑒−𝑖𝜃Π 𝑥⊗𝐾 /2 

𝑝0 =
1

𝑑
 |𝑥〉  

𝐾 , 𝐾 1, 𝐾 2: Pauli      
operators 
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as a complex-valued parameter estimation 

𝑾 𝝋 = 𝐞𝐱𝐩(−𝐢𝝋𝑲 ) 

Final pointer state: 
𝝋 ∈ ℂ 

Relation between 𝜓𝑥 and 𝜑: 

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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If 𝑲 𝐢𝐧 = 𝑲 𝟐 𝒊𝒏 = 𝟎, two measurements are enough 

 The real part: 

 The imaginary part: 

Estimation of complex parameter 

𝐾 f =
sinh Im𝜑 + cosh Im𝜑 𝐾 in

cosh Im𝜑 + sinh Im𝜑 𝐾 in

 

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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𝝋 ∈ ℂ 

Estimation of complex parameter 
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Scheme 1a: Pointers are in NOON state 𝝓𝒊𝒏 =
𝟏

𝟐
𝟎 ⊗𝑵 + 𝟏 ⊗𝑵  

Final pointer 

ϕ𝑓 NOON = 𝑎 0 ⊗𝑁 + 𝑏𝑒𝑖𝑁Re𝜑 1 ⊗𝑁 

 Measure 𝝈 𝒙 to estimate 𝐑𝐞𝝋 

 Measure 𝝈 𝒛 to estimate 𝐈𝐦𝝋 

where    𝑎2 − 𝑏2 = tanh 𝑁Im𝜑  

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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Heisenberg limit (as Im𝜑 → 0) 

𝓕−𝟏
𝝁𝝂

→
𝟏

𝑵𝟐
 

Scheme 1a: Pointers are in NOON state 𝝓𝒊𝒏 =
𝟏

𝟐
𝟎 ⊗𝑵 + 𝟏 ⊗𝑵  

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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Scheme 1b: Pointers are in Dicke state 𝝓𝒊𝒏 = |𝒋, 𝟎〉, 𝑗 = 𝑁/2 integer 

Lücke et al. (Science 2011), Apellaniz et al. (New J. Phys. 2015)  

Measure 𝑱 𝒛
𝟐 to attain Heisenberg 

limit in estimate rotation 𝜃 

→ 𝜙out = 𝑒−𝑖𝜃𝐽 𝑦|𝑗, 0〉 
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Final pointer 

𝛟𝒇 𝐃𝐢𝐜𝐤𝐞 ∝ 𝒆𝐈𝐦𝝋𝑱 𝒚𝒆−𝒊𝐑𝐞𝝋𝑱 𝒚 𝒋, 𝟎  

𝐑𝐞𝝋 

𝐈𝐦𝝋 

Push 

toward 

the end 

of y-axis 

Measure 𝐽 𝑧
2 → Re𝜑 

Measure 𝐽 𝑦 → Im𝜑 

Scheme 1b: Pointers are in Dicke state 𝝓𝒊𝒏 = |𝒋, 𝟎〉, 𝑗 = 𝑁/2 integer 

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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Im𝜑 → 0: 𝚫𝐈𝐦𝝋 𝟐 →
𝟐

𝑵(𝑵 + 𝟐)
 𝜑 → 0: 𝚫𝐑𝐞𝝋 𝟐 →

𝟐

𝑵(𝑵 + 𝟐)
 

Approaching Heisenberg limit 

N = 100 N = 100 

Scheme 1b: Pointers are in Dicke state 𝝓𝒊𝒏 = |𝒋, 𝟎〉, 𝑗 = 𝑁/2 integer 

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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Pointers are entangled → Attainable Heisenberg limit 
in even complex-valued parameter estimate  

Can we extract the only real part of 𝜑? 

N00N state pointers  

𝜎𝑧
⊗𝑁 = tanh(𝑁Im𝜑) ,  𝜎𝑥

⊗𝑁 =
cos(𝑁Re𝜑)

cosh(𝑁Im𝜑)
 

Dicke state pointers 

𝐽 𝑦 =
id10

𝑗
2i Im𝜑

d10
𝑗

2i Im𝜑
𝑗 𝑗 + 1  

𝐽 𝑧
2 =

id10
𝑗

2i Im𝜑

d10
𝑗

2i Im𝜑
𝑗 𝑗 + 1 coth 2Im𝜑 sin2 𝜑 +

𝑖

2
sin 2𝜑  
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Scheme 2: Time-inversal symmetry system ensemble 

𝑾 𝝋
′  

N
0
0
N

 s
ta

te
 

𝑾 𝝋 

𝑾 𝝋 

𝑾 𝝋
′  

N 

N 

𝑾 𝝋 = 〈𝒑𝟎 𝑼 𝒙 𝜽 𝝍𝐒〉 

𝑾 𝝋
′ = 〈𝒑𝟎 𝑼 𝒙 𝜽 𝝍 𝐒〉 

|𝝍 𝐒〉 ≔ 𝑻 𝝍𝐒 =  𝝍𝒙
∗ |𝒙〉

𝒅

𝒙=𝟏

 

𝑻 : Time-reversal symmetry operator 

𝑼 𝐑𝐞𝝋 N
0
0
N

 s
ta

te
 

𝑼 𝐑𝐞𝝋 

2N 

𝝓𝐟 𝐓𝐑𝐒 =
𝟎 ⊗𝟐𝑵 + 𝒆𝐢𝟐𝑵𝐑𝐞𝝋 𝟏 ⊗𝟐𝑵

𝟐
 

→ 𝚫𝐑𝐞𝝋 𝟐 =
𝟏

𝟒𝑵𝟐
 

Heisenberg 

limit 

X. H. T. Nguyen & M. S. Choi (arXiv:1911.07674v1)  
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 Direct tomography (no weak-coupling approximation) as 
a parameter estimation → optimal measurements 

 Direct tomography attainable the Heisenberg limit:  

o Scheme 1: using maximally entangled pointers 

o Scheme 2: using time-reversal symmetry system 
ensemble 


